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INTRODUCTION



Integrability manifested by compatibility of maps

e Let X be any set

Let F': X x X+— X x X, be amap and Fj; i < j € {1,2,3}, be the maps that
act as F on the i—th and j—th factor of X x X x X. We denote these maps in
components as follows

Fij s (uf ud u) o (uh,ul uf) = (ul(uf,u?),ul (uh u?), ub), i G £k #ie{1,2,3)
3D-compatible map (Adler,Bobenko,Suris 2004)

A map F: X x X — X x X will be called 3D-compatible map if it holds
u;k = u};j i.e.




3D compatibility

Consider the maps

Fia o (u,u?,u?) = (ub, uf, ud),
Faz: (ub,u?,ud) — (ul,ug,ug),

Fiz: (ubu?,ud) — (u%,uQ,u‘;’),

3
. . U

This system is called 3D-
compatible, if it holds

1 12 2 .3 3 u?
Ugg = Uz, Uz = Ugy, Ujp = Uy
for any choice of initial data ul
ut, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy



3D compatibility

Consider the maps
Fig o (ul,u?,u?) — (ud, w2, ud),
Py« (ul,u?,u®) = (ul, 03, uf),
Fig: (uh,u? u?) o (ug, o, u),
This system is called 3D-

compatible, if it holds

u%g = Uém U%g = uglv U?Q = Ugl

for any choice of initial data

ub, u?, ud.

o Compatibility

1 _ .1
Uz = U3,

ud

2 _ .2
Uz = U3y,

3 _ .1
Upg = Ugy




3D compatibility

Consider the maps

Fia: (ul,u?,ud) = (uf,ui, u?),

Faz: (ub,u?,ud) — (ul,ug,ug),

Fiz: (ubu?,ud) — (u%,uQ,u‘;’),

3
This system is called 3D-
compatible, if it holds

2 2
1.1 2 _ 2 3 _ .3 U uy
U3 = Ugg, Uyz = U3y, Urp = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy




3D compatibility

Consider the maps

Fia o (u,u?,u?) = (ub, uf, ud),
Fog : (ul,u?,u?) — (ul,ud, ul),

Fig: (ul,u?,u?) = (ud,u?,ud),

3
This system is called 3D-
compatible, if it holds

2 2
1 .1 2 _ .2 3 _ .3 u uy
Ugz = Uzg, U3 = U3y, UTy = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy




3D compatibility

u2
Consider the maps
Fio: (uhu? u?) = (ug,uf, u?),
Faz: (ub,u?,ud) — (ul,ug,ug),
Fiz: (ubu?,ud) — (u%,uQ,u‘;’), "3
u? e
This system is called 3D-

compatible, if it holds

2 2
1 .1 2 _ .2 3 _ .3 U uy
U3z = Ugg, Urz = U3y, Uy = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy




3D compatibility

u2
Consider the maps
Fio: (uhu? u?) = (ug,uf, u?),
Faz: (ub,u?,ud) — (ul,ug,ug),
Fiz: (ubu?,ud) — (u%,uQ,u‘;’), "3
u? e
This system is called 3D-

compatible, if it holds

2 2
1 .1 2 _ .2 3 _ .3 U uy
U3z = Ugg, Urz = U3y, Uy = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy




3D compatibility

u2
Consider the maps
1

A
Fip s (uh u? ) o (ub,uf, o), °
Faz: (ub,u?,ud) — (ul,ug,ug),
Fiz: (ubu?,ud) — (u%,uQ,u‘;’), "3

. . ud e ous

This system is called 3D-

compatible, if it holds

2 2
1 .1 2 _ .2 3 _ .3 U uy
U3z = Ugg, Urz = U3y, Uy = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy




3D compatibility

u2
Consider the maps
1
A
Fig: (ul,u?,u®) — (U%W%USL 3 3
Ous,
Faz: (ub,u?,ud) — (ul,ug,ug),
Fiz: (ubu?,ud) — (u%,uQ,u‘;’), "3
. . ud e ous
This system is called 3D-

compatible, if it holds

2 2
1 .1 2 _ .2 3 _ .3 U uy
U3z = Ugg, Urz = U3y, Uy = Uy /

for any choice of initial data 1

ub, u?, ud.

o Compatibility
1 _ .1 2 _ .2 3 _ .1
Uz = U3z, Uz = U3y, Upg = Ugy



3D compatibility

Consider the maps

Fia: (ul,u?,ud) = (uf,ui, u?),

Faz: (ub,u?,ud) — (ul,ug,ug),

Fiz: (ubu?,ud) — (u%,uQ,u‘;’),

This system is called 3D-
compatible, if it holds

1 _ 1 2 _ .2 3 _ .3
Uz = Uz, Uz = Ugzy, Uy = Uy

for any choice of initial data

ub, u?, ud.

o Compatibility

1 _ .1
Uz = U3,

ud

2 _ .2
Uz = U3y,

1
'U43
’
U
2 ous
ol ~
Ug@
u2/
ul
3 _ .1
Upg = Ugy




3D compatibility

Consider the maps

Fia: (ul,u?,ud) = (uf,ui, u?),

Faz: (ub,u?,ud) — (ul,ug,ug),

Fiz: (ubu?,ud) — (u%,uQ,u‘;’),

This system is called 3D-
compatible, if it holds

1 _ 1 2 _ .2 3 _ .3
Uz = Uz, Uz = Ugzy, Uy = Uy

for any choice of initial data

ub, u?, ud.

o Compatibility

1 _ .1
Uz = U3,

@
!
23
U31
1
'U/3
Ou%l
’
U
2 ous
ol ~
Ug@
2
u2/ #
ul
3 _ .1
Upg = Ugy



Alternatively we can use the notion of Yang-Baxter maps

Yang-Baxter map (Sklyanin (1988), Drinfeld (1990))
Amap R: X x X3 (u,v) = (z,y) = (x(u,v),y(u,v)) € X x X, will be called
Yang-Baxter map if it satisfies the Yang-Baxter relation

Ri3 0 Ri3 0 Ry3 = Raz 0 Ry3 0 Ryo,

where R; ; 4,5 € {1,2,3}, denotes the action of the map R on the i—th and the
j—th factor of X x X x X i.e.

Rio: (u,v,w) = (x(u,v),y(u,v),w),

Ris : (u,v,w) = (z(u,w),v, z(u,w)),
and
Ras : (u,v,w) = (uvy(vvw)7z(vvw))‘

e Drinfeld (1990) Proposed the term Set theoretical solutions of the quantum
Yang-Baxter equation. Buchstaber (1998) Proposed the term Yang-Baxter
transformations. Veselov (2003) Yang-Baxter maps.



Or we can use the notion of the Braid maps

Braid/Trefoil maps

Amap S: X x X3 (u,v) = (z,y) = (z(u,v), y(u,v)) € X x X, will be called
Braid map if it satisfies the Braid relation

S12 0823 0 519 = S23 0 S12 0 Sas,

where S, ; 4,5 € {1,2,3}, denotes the action of the map S on the i—th and the
j—th factor of X x X x X.

e The following are equivalent:
(i) Ris a YB map (#4) T R is a braid map
(i4t) T R7isa YBmap (iv) R is a braid map
e The Artin's Braid group B,,:

B, =< bl, . bn_1|bibi+1bi = bi+1bibi+1, bzb] = b]bz >

1<i<n-2, |i—j|>2



Definitions Summary

Equivalency of maps

The mapsR:XxX%XxXandE:XXX%XXXWHI be called Y B
equivalent if it exists a bijection k : X — X such that

(k x K) R =R (k X K).

Symmetry
A bijection ¢ : X — X will be called symmetry of the map R: X x X — X x X|

if (6 % ¢) R = R(¢ x ¢).

e Yang-Baxter map

Rig 0 Ri30 Rag = Rag3 0 Riz30 Ry

e 3D-compatible maps

u; (ui(uiuuk)7u‘ljc(uj7uk)> = u}c (ué(uiauj>7u§(uk7uj)) ’ i 7é ] 7é k 7é (S {172a3}

e Y B equivalency respects the Yang-Baxter property as well as 3D-compatibility.



Quadrirational maps (Etingof 2003)

Amap R: X x X3 (u,v) = (z,y) € X x X will be called quadrirational, if
both the map R and the so called companion map

cR: X x X3 (z,v) = (u,y) € X x X, are birational maps.

u u
y R v y R™! v
The map R The inverse map R~!

\ y cR™*t v

The inverse of the companion map

The companion map cR p1



e The companion map of a quadrirational Yang-Baxter map is a 3D-compatible
map. The converse also holds i.e. the companion map of a quadrirational
3D-compatible map is a Yang-Baxter map.

Lax matrices (Suris and Veselov 2003, Nijhoff 2002)
The matrix L(z; A)

is called a Lax matrix of the Yang-Baxter map R : (u,v) — (z,vy), if the
relation R(u,v) = (x,y) implies that

L(u; A)L(v; A) = L(y; A)L(; A)

for all X;

is called a Lax matrix of the companion map cR : (z,v) — (u,y), if the
relation cR(x,v) = (u,y) implies that

L(u; A)L(v; A) = L(y; ) L(w; A)

for all X. L(x; ) is called a strong Lax matrix of cR if the converse also
holds.



The F—list of quadrirational Yang-Baxter maps?

The five maps F;—Fy correspond to the five possible types of intersection of

two conics
X
U
A quadrirational map on a pair of conics
m four simple intersection points

two simple intersection points and one point of tangency

m two points of tangency

one simple intersection point and one point of the second order tangency;

m one point of the third order tangency.

3Adler, Bobenko, Suris (2004)



The F'—list of quadrirational Yang-Baxter maps

The Yang-Baxter maps of the F'—list, explicitly reads:
CP' x CP! 5 (u,v) — (z,y) € CP' x CP" where:

z = oavh, (1-qu+qg—p+(p—1v
P = ; (F1),
y = BuP, q(1 = plu+ (p — quv +p(g — v
r = avP, _ _
p_y-vta-p (Fi1),
y:BuP7 qu — pv
x:EP, U — qU
g p:u7 (Fiir),
y:7P7 u—-v
B
r=vP, _
p=1+41=F (Frv),
y=uPp, uU—v
r=v+ P, —
P:ua (FV)7
y=u+ P, u—v

The maps above are depending on 2 complex parameters p, q. The parameter p
is associated with the first factor of the cartesian product CP' x CP!, whereas
the parameter g with the second factor.



Geometric symmetries and Yang-Baxter maps

The maps Fi—Fy : (u,v) — (z,y) are just the coordinate representations of the
map R : (X,Y) — (U, V) in some special rational parametrization of the
conics, o and 3 being the cross-ratios of four points.

Q1 :wo(we — 1) = cwy(wy; — 1) Qg : wa(wy — 1) = Bwy(wy — 1),



e It has the symmetry group K = {id, p1, p2, p3}, where

p1r(wi,w2) = (1—wi,wa), p2(wi,wz) = (w1, 1-wa), p3(wi,we) = (1-wy, 1-ws).

Proposition (Papageorgiou et.al. 2010)
Let ¢ : X — X a symmetry of the Yang-Baxter map R: X X X — X x X. Then
the map

R= (¢ xid) R (id x ¢),
is also a Yang-Baxter map.
Clearly the Yang-Baxter maps R and R are not YB equivalent.

e From geometric symmetries of the F—list the H —list* is obtained

4Papageorgiou, Suris, Tongas, Veselov (2010)



The H—list of quadrirational Yang-Baxter maps

The Yang-Baxter maps of the H—list, explicitly reads:
CP' x CP! 5 (u,v) — (z,y) € CP' x CP" where:

= vQ, Q:(pfl)uv+(q*p)u+P(1*Q) (H))
y=uQ ', (- Dw+(p-qv+ql-p)’
T=v+0Q, _ (-quv (Hir)
y=u—Q, qu+pv —pq’

v
m—aQ; Q_pu_|_qv (HA

° S . o rrr)
y=-Q, u—+v

B
r =vQ, _ 14+quu B
y=uQ ", @= T i)
x:’Ufpv pP—q

:4’ H

y=u+P, ©Tur "

The maps above are depending on 2 complex parameters p, q. p is associated
with the first factor of the cartesian product whereas ¢ with the second factor.



Maps as difference systems
R: (z,y) — (u,v)

U =Xm41/2n+1

/ " X2 ;
Ymn+1 Ym+1n+1 thy ———————— 1o
a
< =
i P
3
? E y Y1
5 4
S i
>
. X = Xm+1/2,n ) ) x )
Ymn Pm+1,n v 1
(a) Descriptive notation (b) Compendious notation

Variables assigned on vertices and edges of an elementary cell of the Z? graph

e Edge equations
e Vertex equations

Vertex and edge equations are usually related



Classification of integrable vertex-equations. The ABS” list

plzzi + x2x12) — q(xx2 + 1212) — C (2T12 + T122 — Pe(1l + TX1T2212)) = O, (Q4)
a(zx1 + z2x12) — b(x22 + T1712) — (122 + TX12) — dabe = 0, (Q36)

plz —z2)(x1 — 212) — q(z — z1)(z2 — T12) + pg(p — @) (T + 71 + 22 + 112 — D) =0,  (Q2)
p(x —w2)(@1 —12) — q(z — 21) (22 — 212) + 6pg(p — ) =0,  (Q1°

a(zza + z1712) — bzl + T2712) — (1 + TE1T2T12) = O, (A2

p(x + z2)(x1 + 212) — q(z + 21) (22 + 212) — Opa(p — q) =0,  (A1°

p(zz1 + zom12) — q(TT2 + T1712) + 6(P° — %) =0, (H3®

(—=z12)(m1 —22) —(p- @)@+ z1 + 22+ 712 +Pp+9) =0, (H2

(z —z12)(x1 —22) +p—q=0. (H1

e The equations below the red line ARE related to the F or H list
e The equations above the red line ARE NOT related to the F or H list.

1 1 — P
6:0717”‘:: (P_*)J?:: (q—*),05: (g_g)yc::%)D:ZPQ_pq+q27
p q q p 1—p2q

where P2 = p* —vp?2 + 1, Q% = ¢* — ~v¢®> + 1, so (p, P) and (g, Q) are points on the elliptic
curve £ = {(a, A) € C% : A% = a* — ya? + 1}, with v the modulus of &.

"Adler, Bobenko, Suris 2003
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An important question.

e Can F'—list and H—list of maps be extended in the non-abelian domain?

e What is the non-abelian version of F; and H; YB? Do they belong to a
hierarchy?

Motivation
e Hierarchies of scalar maps

e Towards quantization



Non-abelian setting

e Let A be a free associative algebra over a field F, with multiplicative identity
that we denote with 1.

e We consider X = A™ x --- x A*, N € N, where AX denotes the subgroup of
—_——

N —times

elements w € A having multiplicative inverse w=! € A, s.t. ww™!

1

=w w=1.

e With C(D) we denote the center of algebra A* i.e. a commutative subalgebra
of A* consisting of invertible elements.

e F.i. A* could be a division ring for instance bi-quaternions, or more generally,
A could stand for the subgroup of invertible matrices of the algebra A of
n X n matrices.

R:XxX>3(x,y) = (u,v) eXxX

e Note that x could be a collection of variables x = (z!,...,2"), N € N.



Non-abelian Yang-Baxter maps

Centrality assumption (Doliwa 2013)
when we refer to the centrality assumption for a map
F (2 22wl w?) — (21, 22, 0!, w?) we refer to

2t =peCD), ww'=qeCD),
where C(DD) the center of the algebra D.
(P.K. and T. Kouloukas 2022)

Provided the centrality assumption, the map
1,2, 1 2 1,2 ,1 2
cha,b7C:(1‘,x,v,v)H(u,u,y,y )7

where

with a,b, ¢ € C(D) and neither a, ¢ nor b, ¢ simultaneously zero,



e has as symmetries the bijections

P () o (22,520, )

¢ (24, 2%) (2(‘1 —cz?)2t ezt = )71, %(b —ezt)2?(c2” — a)_l) -0

e has as strong Lax matrix the matrix

1 2,1 1
1 2.4y _ [az' —cz?zt  ADb—cz')
L((E ) 7)‘)_ ( CL—CJ?2 b$2—C$11‘2 ’

where the spectral parameter A\ € C(D);

e it is a 3D—compatible quadrirational map and its companion map reads
ICa,b,c : (ulv ’LL2, 'Ul, v?) — (.’bl, xzv y17 y2)7

where

! u' (av' + bu® — c(v?v! + v

1

= ) D)

= (bu® + av' — c(v*0" +uP')) " ! u? (bv® + au' — c(v'v® +u'v?)),

= (au' + bv® — c(u'v® + u'v?)) v* (bu® + av' — c(vu’ +uv))71
) )

y:(bu +av' — c(vPut + vt v2(au + bv? — c(utu? +uv)

e The map Ky 5, is a Yang-Baxter map.



The non-Abelian F, H, K and A lists

Ha,b,c = Ica,b,c = Aa,b,c K:a7b,c
v
[
DoV Ha,b c Aa b,c
v
Lo
Fa,b,c fa,b,c
(a) Abelian setting (b) Non-abelian setting

The four families of quadrirational Yang-Baxter maps in the abelian and in the
non-abelian setting. The morphisms ®, ¥, are respectively defined by

®:R— (¢! xid)R(id x ¢) and ¥ : R — (¢~ x id)R(id x 1), where ¢,
symmetries.



The non-Abelian F—list

The non-Abelian F—list of quadrirational Yang-Baxter maps reads:

R: (u,p,v,q9) = (z,p,9,9)

where:

z=p (p(u—v)(1—v) "1 — (qu—pv)(g—v)" )"
((w—v)(1 =)™t = (qu—pv)(g—v)7"),
y=q¢((1—qu+q—p+(—1v)((1—pu+(p—quv+plqg—1)v) v,

z=¢" (1 —v)(u—v)"qu—pv+p—qul—v)
y=p '(qu—pv+p—q)(u—v)"tu,

z=q 'v(u—v)"qu—pv),

y=p ' (qu—pv)(u—v) "y,

z=(u—v)"u—v+p—q)v,
y=(u—v+p—q)(u—v)"u,

z=v+(p—q)(u—v)""

y=u+(p—q)(u—v)"",

(Fr=Fi1,1)

(Frrr = Fo,0,1)

(Frv)

(Fv)



?
* Cﬁ?e%?cﬂ?esm ol %?el\rlz—,\\lrlé Eegl.)OUt

°P.K. 2022



° Cﬁn we do mo ? Wh?lt about
ierarchies o |erarc les’

o Non-Abelian hierarchies of integrable difference systems’

°P.K. 2022



What is known on hierarchies of maps 1710

B )0, i< j by ) OiN—ky, 1<
(V5)is = { Oijaks 1>] (A% = 0, 12>

N0 .- 0 A

1 z' 0 0

LV A) =X+ V' +0AX = 0 1

N2 0

0 0 1 N1
D (l‘la axN7y17 7yN) = (Ul, ,’LLN,’U17 7UN)7

o yi—l)xi(xi o yi)—l7 'Ui _ (yi—l o .’Ei_l)yi(yi o {Ei)_l,

=12 N
Ty 7

IONijhofF, Papageorgiou, Capel and Quispel 1992, Doliwa 2013, Nimmo 2006,
Kajiwara, Noumi and Yamada 2002



What is known on hierarchies of maps 11711

1 0 - 0 Az
2t 1 0 X 0
LD () = Iy + VIX+ XA X = | 0 22
: 1 0
0 0 N1 1
g (xl’ 7xN7y17 ’yN) ’_> (u17 ’qu/Ul’ 7’UN)7
ui —_ (ZEZ _ yz)xzfl(mzfl yifl)fl’ ’Ui — (yz _ mz)yzfl(yzfl xzfl)fl’

Nijhoff, Papageorgiou, Capel and Quispel 1992, P.K 2021



Diagonal deformations!?

Multiply L(N+7) | 5 = 0,1, from the left with

(PN (%)) = (af =217, (PVD()) = (1= B2™1) 7, ol B € O(D)
obtain LIV j =0, 1. Specifically, there is
LW (x) := PWD (x) LV (x), j=0,1.

Set o' = ' = 1, so PV:0) = p(N.1) = p(N)

(1—aN)! 0 0 0
0 (1—zbH~=' 0 0
PWN)(x) := 0 0 :
: (1—aN-2)-1 0
0 0 0 (1—aN-1)-1

12p K. 2022



The hierarchies V), j =0, 1

The hierarchies of maps

K(O):(ml,..., N oyt

where
ui — (1 _ yzfl)fl(xz 1 _ yifl)xz(xz _ 1)71(1 a0 ,
i imIN—1, i=1 =1\ i/ i iy—1 i =12,
o= (1-2") T (YT 2 )y (Y —at) T (1 -2,
and
’C(l) : (ml xN7y17 ’yN) H (ulﬂ 7uN7v17 ’UN)7
where



Properties of the hierarchies IV, j =0, 1

Admit strong Lax matrices

Are birational

Are multidimensional compatible

Admit two non-equivalent families of multiplicative potentials

In terms of the potentials we obtain two Backlund related integrable
hierarchies in vertex variables with rombic symmetry

Furthermore, if we impose the centrality assumptions

Vet =p e C(D), yN - yPyt = g € O(D),

quadrirationality
The companion hierarchies define a hierarchies of Yang-Baxter maps

The first multiplicative potential leads to lattice-modified Gel'fand-Dikki
hierarchy

The second multiplicative potential leads to lattice-NQC'® Gel’fand-Dikki
hierarchy

3Nijhoff-Quispel-Capel or (Q3)o




Hierarchies of Yang-Baxter maps

The hierarchy of maps
KW (@t 2Nt oMy e Wty Y,
where

= (p+v Blg’ N (g N T

j N-1 N—1 gi+1 i=1.. N,
G 0 ),
is the companion of the hierarchy of maps X(1);
is a hierarchy of Yang-Baxter maps.
The expressions g}l\,fl,g}l\,f27 1 =1,..., N, are determined by the recurrences
Ghn = (07 B g B e,

g=1, g=v"'4B, B:=(1-u)2(1-v""),

i=1,...,N. Similarly for the expressions fi_, fi_5,i=1,...,N.



The lattice-NQC' Gel'fand-Dikki hierarchy

e K in terms of potentials 1
(1—a’) et =gl (01) 7, (—yf) Ty = ()

reads:

(1 + ’(/}1in+l,n+1 (%in,nﬂ) ) (1 il 1 ( in_b_l)
= (14 ¥ Cnsan) ™) (140 (0520)7)

i=1,...N, m,né€Z.
e Respects the rombic symmetry

o Add centrality and obtain lattice-NQC' Gel’fand-Dikki hierarchy

(1o @) ) =pmecm),

= =

(e ) ™) =g o),

N
Il
_



e N =2 and the (Q3), integrable lattice equation

-1
(Ymmt1 = PYmi1ni1) (1/1m,n+1 — o1 (@1 — w))
-1
= (Vm+1,n — Wmt1,n+1) (¢m+1,n = 527 (Pmy1n — 1/0)

e N > 2 and the (Q3)o hierarchy integrable lattice equation

—1

(st (=0T (0 (9)7))
(o) (= (v (7))

(L oda @3) ™) (1o @) 7) = (L wda ) 7)) (14 ud 7 @) 7)),

(=TT () ()
(=TT (et ) ) (et ),

=1



Lattice-potential pKdV as a bonus study

x

L) <3;11 (@' + )t —/\)7

elntroduce potentials
1 1
r = ¢1 - ¢7 Yy = ¢2 - (ba

(z' +a?) at =1+, (v +9?) yt =+
eto obtain the rombic LpKdV

(P12 — P2)(p2 — &) — (P12 — D1)(d1 — @) = Y1 — ¥
(Y12 + ¥2) (P2 — @) + (P12 — B2) (V2 + ¥) = (Y12 + V1) (P1 — @) + (P12 — ¢1) (Y1 + ¥
e Add centrality

(01— ¢)> —p =11 + 9, (o — ¢)> —q=1b2 + ¥,
e Obtain Dy LpKdV

(1 — d2) (P12 — &) + (P12 — D) (D1 — ¢2) = 2(p = q).



Conclusions/What is next

e What about elliptic compatible maps?

e What about Liouville integrability of the (extended)transfer maps? What is
the analogue of Poisson bracket in the non-Abelian setting?
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