Maximal Poisson commutative subalgebras and
2-splittings of semisimple Lie algebras

Dmitry A. Timashev

Faculty of Mechanics and Mathematics
Lomonosov Moscow State University

Integrable Systems Seminar
Centre of Integrable Systems, Yaroslavl
October 1, 2025

D. A. Timashev (Moscow) Commutative subalgebras and 2-splittings CIS, Yaroslavl, 2025-10-01 1/14



ekl
Complete integrability

Fundamental Problem in Theory of Integrable Systems:

Construct a complete involutive set of first integrals for a Hamiltonian
dynamical system.
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ekl
Complete integrability

Fundamental Problem in Theory of Integrable Systems:

Construct a complete involutive set of first integrals for a Hamiltonian
dynamical system.

Algebraic version:

Construct Poisson commutative subalgebras of maximal possible
transcendence degree in Poisson algebras.
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Preliminaries and setup Poisson algebras

Poisson algebras

Ground field is K =R or C.
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ekl
Poisson algebras

Ground field is K =R or C.
Definition
A Poisson algebra is a unital commutative associative algebra A equipped
with a bilinear map {-,-} : A x A — A (Poisson bracket) such that:
o (A, {-,-}) is a Lie algebra;
o Leibniz rule: {f,gh} ={f,g}-h+g-{f, h} Vf, g, heA.
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Preliminaries and setup Poisson algebras

Poisson algebras

Ground field is K =R or C.
Definition
A Poisson algebra is a unital commutative associative algebra A equipped
with a bilinear map {-,-} : A x A — A (Poisson bracket) such that:
o (A, {-,-}) is a Lie algebra;
o Leibniz rule: {f,gh} ={f,g}-h+g-{f, h} Vf, g, heA.

Typical example: (M, 7) is a Poisson manifold,
7 is a Poisson bivector field, A = F(M,K), {f, g} = n(df, dg).
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Preliminaries and setup Poisson algebras

Poisson algebras

Ground field is K =R or C.
Definition
A Poisson algebra is a unital commutative associative algebra A equipped
with a bilinear map {-,-} : A x A — A (Poisson bracket) such that:
o (A {-,-}) is a Lie algebra;
o Leibniz rule: {f,gh} ={f,g}-h+g-{f,h} Vf,g, heA.

Typical example: (M, 7) is a Poisson manifold,
7 is a Poisson bivector field, i.e., [m, 7] = 0 (Schouten bracket),
A= F(M,K), {f,g} = (df, dg).
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Preliminaries and setup Poisson algebras

Poisson algebras

Ground field is K =R or C.
Definition
A Poisson algebra is a unital commutative associative algebra A equipped
with a bilinear map {-,-} : A x A — A (Poisson bracket) such that:
o (A, {-,-}) is a Lie algebra;
o Leibniz rule: {f,gh} ={f,g}-h+g-{f, h} Vf, g, heA.

Typical example: (M, 7) is a Poisson manifold,
7 is a Poisson bivector field, A = F(M,K), {f, g} = n(df, dg).

Particular case: g is a Lie algebra, M = g*, A =K[g*] = S(g),
Lie-Poisson bracket: {{,n} = [£,n] for &,n € g,
extends to A by Leibniz rule.
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.

Symplectic leaves in g* = coadjoint orbits G -y, v € g*.
Kirillov—Kostant—Souriau symplectic form on G - ~:

wy(&-v,m-y) = (&), y),  VYE&meg.
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.

Symplectic leaves in g* = coadjoint orbits G -y, v € g*.
Kirillov—Kostant—Souriau symplectic form on G - ~:

wy(&-v,m-y) = (&), y),  VYE&meg.

Index indg = codimg-(G - ),
~v € g* general point.
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.

Symplectic leaves in g* = coadjoint orbits G -y, v € g*.
Kirillov—Kostant-Souriau symplectic form on G - ~:

wy(&-v,m-y) = (&0, VY&meag.

Index indg = codimg-(G - y) = dim g5,
v € g* general point, g, = Lie(G,)={{cg|{ -v=0}=Kerm,.

v
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.
Symplectic leaves in g* = coadjoint orbits G -y, v € g*.

Kirillov—Kostant-Souriau symplectic form on G - ~:

wy(§-vn-y)=(&nly),  VYEneuw.
Index indg = codimg-(G - y) = dim g5,
v € g* general point, g, = Lie(G,)={{cg|{ -v=0}=Kerm,.
Problem
Construct a subalgebra C C A = S(g) such that:
o {C,C}=0;

o tr.deg C = max

v
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.
Symplectic leaves in g* = coadjoint orbits G -y, v € g*.

Kirillov—Kostant-Souriau symplectic form on G - ~:

wy(§-v,m) =(&nly),  VEmeas.
Index indg = codimg-(G - y) = dim g5,
v € g* general point, g, = Lie(G,)={{cg|{ -v=0}=Kerm,.
Problem
Construct a subalgebra C C A = S(g) such that:
o {C,C}=0;
e tr.deg C = max = 3dim(G - v) + codim(G - ) (v € g* gen.pt.)

v
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Preliminaries and setup Commutative subalgebras

Commutative subalgebras

Let G be a connected Lie group with Lie(G) = g.
Symplectic leaves in g* = coadjoint orbits G -y, v € g*.

Kirillov—Kostant-Souriau symplectic form on G - ~:

wy(§-v,m) =(&nly),  VEmeas.
Index indg = codimg-(G - y) = dim g5,
v € g* general point, g, = Lie(G,)={{cg|{ -v=0}=Kerm,.
Problem
Construct a subalgebra C C A = S(g) such that:
o {C,C}=0;
e tr.deg C = max = 3dim(G - v) + codim(G - ) (v € g* gen.pt.)
= (dimg +ind g).

v
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}
~ pencil of Poisson brackets {-,-}: = {,-} + t{-,-}, t e K
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}
~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{,-}, t e KU {0} = P!,
{.7.}02 {.’.}’Y {7}00 = {’}
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

tr.deg Z; < dimKer(m¢), (v € g* gen.pt.)
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}
~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{,-}, t e KU {0} = P!,
{.7.}02 {.’.}’Y {7}00 = {’}
Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}
tr.deg Z; = dimKer(m:), (v € g* gen.pt.)

in good cases
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

c P! (yeg" gen pt)
=P\ PL_, finite set

reg’

tr.deg Z; < dimKer(7¢), = min, t€ P}eg

> min, te Pk

sing
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

tr.deg Z; < dimKer(r;), = min, tcPL, C P! (y € g* gen.pt.)

reg
> min, t€ IP’Sling = \]P’}eg, finite set

Properties:

Q {Zy,Z1,}: =0fort=t1,tr (t1 # )
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

tr.deg Z; < dimKer(r;), = min, tcPL, C P! (y € g* gen.pt.)

reg
> min, t€ IP’Sling = \]P’}eg, finite set

Properties:

Q@ {Z,,Z,}+ =0fort =t1,tr (t1 # t) = forany tc P!
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

tr.deg Z; < dimKer(r;), = min, tcPL, C P! (y € g* gen.pt.)

reg
> min, t€ IP’Sling = \]P’}eg, finite set

Properties:

Q {Z,Z,}: =0fort=t,tp (1 £ 1) = for any t € P!;
e tl GP}eg — {Ztl,Ztl}t :0, VtePl
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}

~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{-,-}, t e KU {0} = P1,
{.7.}02 {.’.}’Y {7}00 - {’}

Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}

tr.deg Z; < dimKer(r;), = min, tcPL, C P! (y € g* gen.pt.)

reg
> min, t€ IP’Sling = \]P’}eg, finite set

Properties:
Q@ {Z,,Z,}+ =0fort =t1,tr (t1 # t) = for any t € P;
Q@ tePl, = {Z,,Z,}:=0,VteP.
Proof: take IP,leg > tp — t; and apply (1).
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-}’ be another Poisson bracket on A compatible with {,-}
~~ pencil of Poisson brackets {-,-}; = {-,-}/ + t{,-}, t e KU {0} = P!,
{.7.}02 {.’.}’Y {7}00 = {’}
Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}
tr.deg Z; < dimKer(m¢), = min, t¢€ P}eg C P! (y€g*gen pt)
> min, t€ IP’Sling = \]P’}eg, finite set

Properties:

Q@ {Z,,Z,}+ =0fort =t1,tr (t1 # t) = for any t € P;

e tl c ]P)}eg — {Ztl,Ztl}t - 0, Vt S Pl.

Proof: take IP,leg > tp — t; and apply (1).

Conclusion: C:=Alg(Z; |t € Pl,) CA = {C,C}; =0, Vt € Pl
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme

Let {-,-} be another Poisson bracket on A compatible with {-,-}
~~ pencil of Poisson brackets {-,-}¢+ = {-,-} + t{-,-}, t e KU {00} = P!,
{.7.}02 {.’.}’Y {7}00 = {’}
Poisson center Z, := {f € A| {f,g}+ =0, Vg € A}
tr.deg Z; < dimKer(m¢), = min, t¢€ P}eg C P! (y€g*gen pt)
> min, t€ IP’Sling = \]P’}eg, finite set
Properties:

Q {Z,Z,}: =0fort=t,tp (1 £ 1) = for any t € P!;
e tl GP}eg — {Ztl,Ztl}t :0, VtePl

Proof: take IP,leg > tp — t; and apply (1).
Conclusion: C:=Alg(Z; |t € Pl,) CA = {C,C}; =0, Vt € Pl
Often happens: tr.deg C = max
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)
{&nt = {&nl,w) €K, VEmED 70 € g fixed.

J;

™ = = >
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)

{5777}/ = <[§)77]7’YO> ek, Vfﬂ? €g Yo € g* fixed.
Bolsinov (1991): g semisimple, dim(G - 79) = max = tr.deg C = max.

v
™ = = e
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)

{57 77}/ = <[§)77]7’YO> ek, V§>77 €g Yo € g* fixed.

Bolsinov (1991): g semisimple, dim(G - 79) = max = tr.deg C = max.

Here Z, = {f(7) = f(no + t7) | f € A®}, t+#0,00.
(Mishchenko—Fomenko argument shift method)

V.

v
™y v — — = e C
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)

{57 77}/ = ([5)77]770> ek, V§>77 €g Yo € g* fixed.

Bolsinov (1991): g semisimple, dim(G - 79) = max = tr.deg C = max.

Here Z; = {fi(y) = f(yo + ty) | f € A®},  t+#0,00.
(Mishchenko—Fomenko argument shift method)

Example 2 (linear Poisson bracket)

{&nY =160 €9, VEneg, wherel[, ] is another Lie bracket on g

V.

™ i - = = AN

J;
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)

ey = (& m0) €K, VEmeg oe€g fixed

Bolsinov (1991): g semisimple, dim(G - 79) = max = tr.deg C = max.

Here Z, = {f(7) = f(no + t7) | f € A®}, t+#0,00.
(Mishchenko—Fomenko argument shift method)

v

Example 2 (linear Poisson bracket)

{&nY =160 €9, VEneg, wherel[, ] is another Lie bracket on g
~~ pencil of Lie brackets [+, "] = [,-] + t[-,] on g (t € PY),

{+,-}+ = the Lie-Poisson bracket for g: = (g, [, ]¢)-

v
™ i - = = et
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Lenard—Magri scheme: examples

Example 1 (frozen argument)

ey = (& m0) €K, VEmeg oe€g fixed

Bolsinov (1991): g semisimple, dim(G - 79) = max = tr.deg C = max.

Here Z, = {f(7) = f(no + t7) | f € A®}, t+#0,00.
(Mishchenko—Fomenko argument shift method)

v

Example 2 (linear Poisson bracket)

{&nY =160 €9, VEneg, wherel[, ] is another Lie bracket on g
~~ pencil of Lie brackets [+, "] = [,-] + t[-,] on g (t € PY),

{+,-}+ = the Lie-Poisson bracket for g: = (g, [, ]¢)-

Theorem 1 (Panyushev—Yakimova (2021), T. (2025))

Let g semisimple, {-,-} linear. Then: tr.deg C = max < Piing =g.

™ i - = = et
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: IP’cl).
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: ]P’cl).

sing .

g; ci={y€g"|dim(Gt-v) <max=dimg—indg:},
closed algebraic subvariety of g*, codim g;"® = 3 for t € P}
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: ]P’cl).

sing .

g; ci={y€g"|dim(Gt-v) <max=dimg—indg:},
closed algebraic subvariety of g*, codim g;"® = 3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: ]P’cl).
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },

closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.

v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: ]P’cl).
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },

closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.

v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);

o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: ]P’cl).
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },

closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.

v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);
o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).

tr.deg C =dimd,C (v € Q general point)
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: P}.

gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },
closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.
v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);

o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).

tr.deg C =dimd,C (v € Q general point)

d,C= > dZz

tePl

reg
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: P}.

gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },
closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.
v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);

o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).

tr.deg C =dimd,C (v € Q general point)
d,C= > dZ:= > Ker(m), <= d\Z =Ker(m),, Vt € Pj C Pl

tEPl, teP}

reg
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: P}.
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },

closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.

v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);
o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).
tr.deg C =dimd,C (v € Q general point)
d,C= > dZ:= > Ker(m), <= d\Z =Ker(m),, Vt € Pj C Pl

tEPl, teP}

reg
dim => "(m; + 1)
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: P}.
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },
closed algebraic subvariety of g*, codimgi™ =3 for t € P}
— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.
v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:

o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);

o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).

tr.deg C =dimd,C (v € Q general point)

d,C= > dZ:= > Ker(m), <= d\Z =Ker(m),, Vt € Pj C Pl

tEPl, tePL,

dim = Z(m,- + 1) = max <= no Jordan blocks

i
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Lenard-Magi scheme
Proof of Theorem 1

Semisimple Lie algebras are rigid = g; ~ g, Vt € P!\ finite set =: P}.
gs"e = {y€g*|dim(G;-7) < max =dimg — ind g¢ },

closed algebraic subvariety of g*, codimgi™ =3 for t € P}

— 3 dense open Q C g such that dim(G; - v) = max, Vt € P!, v € Q.

v € Q~ (me)y(&,m) = ([€,n]t, 7). pencil of bilinear skew-forms on g
Jordan—Kronecker normal form:
o Kronecker blocks of sizes (2m; + 1) x 2m; +1) (i=1,...,r);
o Jordan blocks of sizes 2n; x 2n;  (j=1,...,s).

tr.deg C =dimd,C (v € Q general point)
d,C= > dZ:= > Ker(m), <= d\Z =Ker(m),, Vt € Pj C Pl
tEPl, teP}

reg

dim = Z(m, + 1) = max <= no Jordan blocks

1 1
i <= rk(mt), = const over P* = Pg,, =2
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Constructing Poisson commutative subagebras Lenard—Magri scheme

Jordan—Kronecker normal form

Kronecker blocks:

Jordan blocks:

t
1
-1
-t -1
—t
-1
—t
mj m;+1

)\j-i-t 1
N+t
' 1
)\jth

7)\]71’
—1 —>\j—t

—1 —)\j—f

n; n;
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=h&f, wherebh,§ C g are Lie subalgebras. J
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=h&f, wherebh,§ C g are Lie subalgebras. J

2-decomposition ~~ pencil of Lie algebra structures on g:
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=h&f, wherebh,§ C g are Lie subalgebras. J

2-decomposition ~~ pencil of Lie algebra structures on g:

pr=idydt 1 idj:g—>g, t#0,00
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=h&f, wherebh,§ C g are Lie subalgebras. J

2-decomposition ~~ pencil of Lie algebra structures on g:
pr=idydt 1 idj:g—>g, t#0,00

[€,m]e = el (€)o7 ' ()]) =
= [&n, m0] + [0, m5]5 + [€5, m0]5 + t - ([0 3]0 + €55 70l + (€55 m50)
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—-Yakimova)
2-decomposition: g=hH®f, whereb,§C g are Lie subalgebras. J

2-decomposition ~» pencil of Lie algebra structures on g:
pr=idgdt1-idj:g—g, t#0,00
€l = ee([er (€), 2 1)) =

= [€, ] + [€0> mil5 + &5 mls +t - ([0 3]y + [§55 0] + (€55 m5])
o I€7]
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—-Yakimova)
2-decomposition: g=hH®f, whereb,§C g are Lie subalgebras. J

2-decomposition ~» pencil of Lie algebra structures on g:
pr=idgdt1-idj:g—g, t#0,00
€l = ee([er (€), 2 1)) =
= [&o, 7] + &0, mil5 + [Sp, mols 1 - ([So 7l + (&5 ] + [55 75])
[€.mlo (€)oo

gr~g, Vt#0,00
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—-Yakimova)
2-decomposition: g=hH®f, whereb,§C g are Lie subalgebras. J

2-decomposition ~» pencil of Lie algebra structures on g:

pr=idgdt1-idj:g—g, t#0,00

[€,m]e = oe([0r H(€), o7 "(n)]) =
= [Sn, 0] + (€0, w515 + [€5 )5 +t - ([Sn, 5]y + [5: 0]y + [S5. m5])
[E.7lo € 7]

gt ~ gv vt ;é 07 o0
g0~ bh @ (g/h)*®, b C go, Lie subalgebra, (g/h)*® < go, Abelian ideal
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=hH @, whereh,§ C g are Lie subalgebras. J

2-decomposition ~~ pencil of Lie algebra structures on g:
gpt:idh@t_l'idf:gL)g, t# 0,00

&0t = @elor (€)o7 H()]) =
= [&o, ] + [€0, 35 + &5 mp)s +t - ([€65 3]y + [§55 0] + (€55 m5])
(.m0 (€100

gr~g, Vt#0,00
go~bh @ (g/h)®®, b C go, Lie subalgebra, (g/h)®® < go, Abelian ideal
—_———

Inoni—Wigner contraction of g at h
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Constructing Poisson commutative subagebras 2-decompostions

2-decompostions

Definition (Panyushev—Yakimova)
2-decomposition: g=hH @, whereh,§ C g are Lie subalgebras. J

2-decomposition ~~ pencil of Lie algebra structures on g:
gpt:idh@t_lddf:gL)g, t# 0,00
[€.nle = eelpe 1 (&), e Hm)]) =
= [&o. ] + (s mil5 + 15 moli £ ([€os iy + [€5 0] + (&5, 7))
[€mlo (€)oo

gr~g, Vt#0,00

go~bh @ (g/h)®®, b C go, Lie subalgebra, (g/h)®® < go, Abelian ideal
—_———
Inoni—Wigner contraction of g at h

0o =~ (9/1)®® ©f, Indnii-Wigner contraction of g at f
Commutative subalgebras and 2-splittings CIS, Yaroslavl, 2025-10-01 9/14



Constructing Poisson commutative subagebras [esHeellsledleliH

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
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Constructing Poisson commutative subagebras [esHeellsledleliH

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)

D. A. Timashev (Moscow) Commutative subalgebras and 2-splittings CIS, Yaroslavl, 2025-10-01 10/ 14



Constructing Poisson commutative subagebras 2-decompostions

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)
~~ pencil of linear Poisson brackets {-,-}+ on A = S(g)
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Constructing Poisson commutative subagebras 2-decompostions

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)
~~ pencil of linear Poisson brackets {-,-}+ on A = S(g)

~~ Poisson commutative subalgebra C C A (by Lenard—Magri scheme).
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Constructing Poisson commutative subagebras 2-decompostions

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)
~~ pencil of linear Poisson brackets {-,-}+ on A = S(g)

~~ Poisson commutative subalgebra C C A (by Lenard—Magri scheme).

Note: g; ~ g, Vt # 0,00 = P\ {0,00} C P}

reg
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Constructing Poisson commutative subagebras 2-decompostions

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)
~~ pencil of linear Poisson brackets {-,-}+ on A = S(g)

~~ Poisson commutative subalgebra C C A (by Lenard—Magri scheme).

Note: g; ~ g, Vt # 0,00 = P\ {0,00} C P}

reg

Corollary (of Theorem 1)

tr.deg C = max <— O,mEP}eg <= indgp =indge =indg (=rkg)
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Constructing Poisson commutative subagebras 2-decompostions

Index of Inoni—Wigner contraction

Assume: g semisimple, with 2-decomposition g = b @ |
~~ pencil of Lie algebras g; = (g, [, ]¢) (t € P!)
~~ pencil of linear Poisson brackets {-,-}+ on A = S(g)

~~ Poisson commutative subalgebra C C A (by Lenard—Magri scheme).

Note: g; ~ g, Vt # 0,00 = P\ {0,00} C P}

reg

Corollary (of Theorem 1)

reg

tr.deg C = max <= 0,00 € P, <= indgp = indgo, = indg ( = rkg)

Problem

Compute index of Inonid—Wigner contraction.
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Main results

Note: complexification preserves index = may assume K = C.

v
™ = = e
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Main results

Note: complexification preserves index = may assume K = C.
Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups

v
™y g — — = e C
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Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety

v
™y g — = = e
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Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety
Definition

Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup

.
™ = - = = Yot
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Main results

Note: complexification preserves index = may assume K = C.
Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups

~+ X = G/H, homogeneous algebraic variety
Definition
Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if ¢(X) = 0.

.
™ = - = = Yot
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Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety
Definition

Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if c¢(X) = 0.

.
™y = - = =

= yor-t
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Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety
Definition

Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if ¢(X) = 0.

.
™y = - = =

= yor-t
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Main results
Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety

Definition
Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if ¢(X) = 0.

Theorem 2 (Panyushev (2007), Panyushev—Yakimova (2021), T. (2025))

indgo = rkg + 2¢(G/H)

.

™ = - = = Yot

D. A. Timashev (Moscow) Commutative subalgebras and 2-splittings CIS, Yaroslavl, 2025-10-01 11/14




Main results
Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~» X = G/H, homogeneous algebraic variety

Definition
Complexity c(X) := codimx(B - x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if c(X) = 0.

Theorem 2 (Panyushev (2007), Panyushev—Yakimova (2021), T. (2025))
X affine

indgo = rkg+ 2¢(G/H)
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Main results
Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~» X = G/H, homogeneous algebraic variety

Definition
Complexity c(X) := codimx(B - x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if c(X) = 0.

Theorem 2 (Panyushev (2007), Panyushev—Yakimova (2021), T. (2025))
X affine X quasi-affine

indgo = rkg+ 2¢(G/H)
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Main results
Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~» X = G/H, homogeneous algebraic variety

Definition
Complexity c(X) := codimx(B - x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if c(X) = 0.

Theorem 2 (Panyushev (2007), Panyushev—Yakimova (2021), T. (2025))
X affine X quasi-affine any X

indgo = rkg+ 2¢(G/H)
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Main results

Note: complexification preserves index = may assume K = C.

Assume: h = Lie(H), f = Lie(F), H, F C G algebraic subgroups
~+ X = G/H, homogeneous algebraic variety

Definition
Complexity ¢(X) := codimx(B-x), x € X gen.pt., B C G Borel subgroup
X (resp. H, b) is a spherical variety (subgroup, subalgebra) if ¢(X) = 0.

Theorem 2 (Panyushev (2007), Panyushev—Yakimova (2021), T. (2025))

indgo = rkg + 2¢(G/H)

Corollary
tr.deg C = max <= b,§ C g are spherical subalgebras

.

™ = - = = A
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Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

D. A. Timashev (Moscow) Commutative subalgebras and 2-splittings

CIS, Yaroslavl, 2025-10-01 12/14



Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

Hence:

ind go = codimgp)-(H - ) +indb, (v € (g/h)*, gen.pt.)
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Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

Hence:

ind go = codim(q)-(H - v) +indb, (v € (g/h)" =

H(G/H), gen.pt.)
= codim7-x(G - y) + ind b,

(X =G/H, ve T*X, gen.pt.)
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Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

Hence:

ind go = codim(q)-(H - v) +indb, (v € (g/h)" =

H(G/H), gen.pt.)
= codim7-x(G - y) + ind b,

(X =G/H, ve T*X, gen.pt.)
Knop (1990): codim7+x(G - v) = 2¢(X) + r(X)
Here: rank r(X) :=dim(G -h1)/G, g* Dbt ~(g/h)*.
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Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

Hence:

ind go = codim(q)-(H - v) +indb, (v € (g/h)" =

H(G/H), gen.pt.)
= codim7-x(G - y) + ind b,

(X =G/H, ve T*X, gen.pt.)
Knop (1990): codim7+x(G - v) = 2¢(X) + r(X)
Here: rank r(X) :=dim(G -h1)/G, g* Dbt ~(g/h)*.

Knop (1990), Zhgoon (2013), T. (2025): description of b,

Namely: g* ~ g D [ (Levi subalgebra) D s D [[, [] such that

codimis = r(X), ~ € s Richardson element, b, =s,.
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Proof of Theorem 2

Rais Formula

Suppose: q =0 & | Lie algebra, b C q Lie subalgebra, f < q Abelian ideal.

Then: indq = codim-(H -v) +indb,, ~ €f*, general point.

Hence:

ind go = codim(q)-(H - v) +indb, (v € (g/h)" =

H(G/H), gen.pt.)
= codim7-x(G - y) + ind b,

(X =G/H, ve T*X, gen.pt.)
Knop (1990): codimr+x(G - v) = 2¢(X) + r(X)

Here: rank r(X) :=dim(G -h1)/G, g* Dbt ~(g/h)*.
Knop (1990), Zhgoon (2013), T. (2025): description of b,

Namely: g* ~ g D [ (Levi subalgebra) D s D [[, [] such that

codims = r(X), ~ € s Richardson element,

Elashvili conjecture (proven): inds, = inds = rks

D. A. Timashev (Moscow) Commutative subalgebras and 2-splittings
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Proof of Theorem 2

Rais Formula

Suppose:

q="b@7 Lie algebra, b C q Lie subalgebra, { < q Abelian ideal.
Then:

indq = codim<(H - y) +ind by, v €f*, general point.

Hence:

ind go = codim(g/p)-(H - ) +indby (v € (8/h)" = Tep(G/H), gen.pt.)
codimr-x(G-v) +indh, (X=G/H, ye T*X, gen.pt.)
2¢(X) + r(X) +rks
Knop (1990): codim7«x(G - 7v) = 2¢(X) + r(X)
Here: rank r(X) :=dim(G -b+)/G, ¢* D bt ~(g/bh)*.

Knop (1990), Zhgoon (2013), T. (2025): description of b,.
Namely:

g" ~ g D I (Levi subalgebra) D s D [I, ] such that
codimis = r(X), ~ € s Richardson element,
Elashvili conjecture (proven): inds, = inds = rks
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Proof of Theorem 2

Rais Formula

Suppose:

q="b@7 Lie algebra, b C q Lie subalgebra, { < q Abelian ideal.
Then:

indq = codim<(H - y) +ind by, v €f*, general point.

Hence:

ind go = codim(g/p)-(H - ) +indby (v € (8/h)" = Tep(G/H), gen.pt.)
codimr-x(G-v) +indh, (X=G/H, ye T*X, gen.pt.)
2¢(X) + r(X) +rks = 2¢(X) + r(X) + rkl — r(X) = 2¢(X) + rkg
Knop (1990): codim7«x(G - 7v) = 2¢(X) + r(X)
Here: rank r(X) :=dim(G -b+)/G, ¢* D bt ~(g/bh)*.

Knop (1990), Zhgoon (2013), T. (2025): description of b,.
Namely:

g" ~ g D I (Levi subalgebra) D s D [I, ] such that
codimis = r(X), ~ € s Richardson element,
Elashvili conjecture (proven): inds, = inds = rks
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Examples

Example 1: g=b P n.
Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

*

0
Eg:. g=sl, b= : * 0

. , n— .
0 . %
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

0
Eg:. g=sl, b= * , n= 0
0 . *

AC =K[h,....f],  fuly) =tr(7%)
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

*

0
Eg:. g=sl, b= * , n= 0
0 . X
AC =Klh,...,f], fi(y) =tr(v¥)

Zy = K[fZ,ta ceey fn,t]v fk,t(’Y) = tr(’Yb + t’)’n)k = ijz_ol tl gkj(’Y).
vVt # 0,00

0
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

*

0
Eg:. g=sl, b= * , n= 0
0 . X
AC =Klh,...,f], fi(y) =tr(v¥)

Zy = K[fZ,ta ceey fn,t]v fk,t(’Y) = tr(’Yb + t’)’n)k = ijz_ol tl gkj(’Y).
vVt # 0,00

Zo =Klgo1, 8325 - - - s &nn—1]
Lo = K[hl, e hn—l],

0

hi(v) = 7vii — Vi-1,i-1
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

* 0

Eg:. g=sl, b= * , n= 0
0 . *

AC =Klh,...,f], fi(y) =tr(v¥)

Zy = K[fZ,ta ceey fn,t]v fk,t(’Y) = tr(’Yb + t’)’n)k = ijz_ol tl gkj(’Y).
vVt # 0,00

Zo =Klgo1, 8325 - - - s &nn—1]
Zoo = Klh1,... . hpa],  hi(y) = vii —7vi1i-1
C=Klhigg|i=1,....n—1,j=1,... k-1, k=2,...,n]

0
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

* 0 0 0

Eg: g=sl, b= on=
0 . *

AC =Klh,...,f], fi(y) =tr(v¥)

ASS K[flta S fn,t],

vVt # 0,00

Zo = K[go1, 832, - - -, 8nn—1]

Zoo =K[h1, ... hoal,  hi(y) =i — vi-1i-1

C=Klhg|i=1,...,n—1,j=1,.... k=1, k=2,...,n]

Example 2: g =sl, =b @b,

0

fre(7) = tr(v + tw) = Y00 ¥ - gig(7),

h =so,.
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

* 0 0 0

Eg: g=sl, b= , n=
0 . *

AC =Klh,...,f], fi(y) =tr(v¥)

ASS K[flta S fn,t],

vVt # 0,00

Zo = K[go1, 832, - - -, 8nn—1]

Zoo =K[h1, ... hoal,  hi(y) =i — vi-1i-1

C=Klhg|i=1,...,n—1,j=1,.... k=1, k=2,...,n]

Example 2: g =sl, =b @b,

Zi =Klfy,,.

0

fre(7) = tr(v + tw) = Y00 ¥ - gig(7),

h = so,.
B () =t ) =20 P g(7), £ #£ 0,00
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Examples

Example 1: g=b P n.

Here: b = Lie(B), b~ = opposite Borel subalgebra, n = nilradical of b~

* 0

Eg:. g=sl, b= * , n= 0
0 * X 0

AC = Klf, ..., fa],  f(y) = tr('yk)

Zy = K[fZ,ta ceey fn,t]v fk,t(’Y) = tr(’Yb + t’)’n)k = ijz_ol tl gkj(’Y).
vVt # 0,00

Zo = K(go1,832,- - - &nn—1]

Zoo =K[h1,...,ho1], hi(y) =i — Vi1
C=Klhgqg|i=1,....n—1, j=1,....k—1, k=2,....0]

Example 2: g=sl,=b®bh, b=s0,.

Ze = K[ L) Fo() =t + t) = o - gli(3), £ £ 0,00
C:K[g,’g-\jzo,...,k—l, k=2,...,n]
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