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Irreducible representations of gln

V — a finite dimentional irreducible representation of gln.

gln = 〈Ei,j〉i,j=1,...,n = g− ⊕ h⊕ g+,

g− = 〈Ei,j〉i>j , h = 〈Ei,i〉, g+ = 〈Ei,j〉i<j .

A weight vector is an eigenvector for all Ei,i : Ei,iv = λiv . It’s
weight is [λ1, . . . , λn].

Theorem
There exists a unique highest weight vector v ∈ V i.e. a weight
vector annihilated by g+: ∀i < j : Ei,jv = 0.
The weight of a highest weight vector (the highest weight)
[m1, . . . ,mn] has the property

mi −mi+1 ∈ Z≥0.
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Classification of Irreducible Representations

Next, we restrict ourselves to representations with mn = 0.
Then the highest weight has the form

m1 ≥ m2 ≥ · · · ≥ mn−1 ≥ 0, mi ∈ Z. (1)

Theorem
For each set of numbers satisfying (1), there exists a unique
finite-dimensional irreducible representation with that highest
weight.
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Gelfand–Tsetlin base: the case of gl3

Let V[m1,m2,0] be a representation of gl3.

Restrict gl3 =< Ei,j >i,j=1,2,3 to gl2 =< Ei,j >i,j=1,2:

gl3 ↓ gl2 ⇒ V[m1,m2,0] =
⊕

V[k1,k2]

Restrict gl2 to gl1 =< E1,1 >:

gl2 ↓ gl1 ⇒ V[k1,k2] =
⊕

Vh1 .

This corresponds to the Gelfand–Tsetlin diagramm:

Vh1 =< v >, v =

m1 m2 0
k1 k2

h1


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Zhelobenko Model

We consider functions on the group GLn.

(Gf )(g) := f (gG), g,G ∈ GLn, f (g) ∈ Fun(GLn)

Examples of functions:
1 aj

i ∈ Fun(GLn) — matrix element (i is the column index, j is
the row index)

2 ai1,...,ik := det(aj
i )

j=1,...,k
i=i1,...,ik

Then

Ep,q · ai1,...,ik = ai1,...,ik |q 7→p

In particular, the function

am1−m2
1 am2−m3

1,2 . . . amn−1
1,2,...,n−1

is a highest weight vector of weight [m1, . . . ,mn−1,0].
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Zhelobenko Model

Theorem (Zhelobenko)
Polynomials in the determinants ai1,...,ik form a model for the
representations of gln.
The representation with the highest weight [m1, . . . ,mn−1,0]
consists of those polynomials for which the sum of the degrees of
the i-th order determinants equals mi −mi+1.

Important remark: there are many relations among the
determinants aX , X ⊂ {1, . . . ,n}. For example:

a1a2,3 − a2a1,3 + a3a1,2 = 0
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What function on GLn corresponds to the Gelfand-Tselin base
vectors?

Theorem (Biedenharn, Baird 1963)
In the case n = 3 to the Gelfand-Tselin diagrammm1 m2 0

k1 k2
h1


there corresponds the function

am1−k1
3 ak2

1,2as−m2
1 ak1−s

2 am2−k2
1,3 ·

· F2,1(s − k1, k2 −m2, s −m2 + 1;
a1a2,3

a2a1,3
)
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Γ-Series

z = {z1, . . . , zN} — a set of variables.

ZN — the lattice of exponents of monomials in the variables z.

γ — a fixed vector, L ⊂ ZN — a sublattice.

Fγ(z) =
∑

x∈γ+L

zx

Γ(x + 1)
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Let F2,1(a1,a2,b1; z) =
∑

n∈Z≥0
(a1)n(a2)n

(b1)n
zn, where

(a)n = Γ(a+n)
Γ(a) , be the Gauss hypergeometric series.

Then if γ = (−a1,−a2,b1 − 1,0), and
B = Z〈(−1,−1,1,1)〉 = Z〈v〉, we have

Fγ(z1, z2, z3, z4) = c z−a1
1 z−a2

2 zb1−1
3︸ ︷︷ ︸

zγ

F2,1

a1,a2,b1;
z3z4

z1z2︸ ︷︷ ︸
zv


c =

1
Γ(1− a1)Γ(1− a2)Γ(b1)
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The GKZ System

1. Let a = (a1, . . . ,aN) be a vector orthogonal to the lattice B.
Then

a1z1
∂

∂z1
Fγ + · · ·+ aNzN

∂

∂zN
Fγ = (a1γ1 + · · ·+ aNγN)Fγ ,

and it suffices to consider only the basis vectors of the lattice
orthogonal to B.
2. Let b ∈ B and write b = b+ − b−. Isolate the nonzero
elements in these vectors: b+ = (. . . ,bi1 , . . . ,bik , . . . ),
b− = (. . . ,bj1 , . . . ,bjl , . . . ). Then

OvFγ =

((
∂

∂zi1

)bi1
. . .

(
∂

∂zik

)bik
−
(

∂

∂zj1

)bj1
. . .

(
∂

∂zjl

)bjl

)
Fγ = 0
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For example, in the case γ = (γ1, γ2, γ3, γ4),
B = Z〈(−1,−1,1,1)〉, we have

(
z1

∂

∂z1
+ z3

∂

∂z3

)
Fγ = (γ1 + γ3)Fγ(

z1
∂

∂z1
+ z4

∂

∂z4

)
Fγ = (γ1 + γ4)Fγ(

z2
∂

∂z2
+ z4

∂

∂z4

)
Fγ = (γ2 + γ4)Fγ(

∂2

∂z1∂z2
− ∂2

∂z3∂z4

)
Fγ = 0
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The Gelfand–Tsetlin Lattice: Motivation

Suppose a function
F =

∑
X

cX arX
X

corresponds to a Gelfand–Tsetlin pattern. What can its
exponents be?
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Case n = 3: a naive approach

a
r1
1 a

r2
2 a

r3
3 a

r1,2
1,2 a

r1,3
1,3 a

r2,3
2,3 v.s.

m1 m2 0
k1 k2

h1



gl3-maximization: a1,a2,a3 7→ a1, a1,2,a1,3,a2,3 7→ a1,2 ⇒

r1 + r2 + r3 + r1,2 + r1,3 + r2,3 = m1,

r1,2 + r1,3 + r2,3 = m2

gl2-maximization: a1,a2 7→ a1, a3 7→ 0, a1,3,a2,3 7→ a1,3,
a1,2 7→ a1,2 ⇒

r1 + r2 + r1,2 + r1,3 + r2,3 = k1,

r1,2 = k2

gl1-maximization: a1 7→ a1, a1,2 7→ a1,2, other 7→ 0 ⇒:

r1 + r1,2 + r1,3 = h1
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ar1
1 ar2

2 ar3
3 ar1,2

1,2 ar1,3
1,3 ar2,3

2,3 v .s.

m1 m2 0
k1 k2

h1


A naive answer:

r1 + r2 + r3 + r1,2 + r1,3 + r2,3 = m1,

r1,2 + r1,3 + r2,3 = m2,

r1 + r2 + r1,2 + r1,3 + r2,3 = k1,

r1,2 = k2,

r1 + r1,2 + r1,3 = h1

This defines a shifted lattice γ+ B, B = Z〈e1−e2−e1,3 + e2,3〉
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The Gelfand–Tsetlin Lattice: Definition

Definition

The Gelfand–Tsetlin lattice is the sublattice of Z2n−2 defined by
the system of equations of the form:

v ∈ B ⇔
∑

X : X has p elements ≤q

rX = 0

Proposition
The lattice B is generated by the vectors

vα := ei,X − ej,X − ei,y ,X + ej,y ,X , i < j < y
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Gelfand–Tsetlin Diagramms vs. Shift Vectors

With a Gelfand–Tsetlin diagramm (mi,j)j=1,...,n, i≤j one can
associate a shifted lattice Π = γ + B, where

v ∈ Π⇔
∑

X : X has p elements ≤q

rX = mp,q

Shift vectors γ mod B ↔ Gelfand–Tsetlin diagramms

Proposition
Π contains a vector with all nonnegative coordinates ⇔ the
betweness conditions hold for mi,j .
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Theorem (Biedenharn, Baird 1963)

In the case n = 3 one has Fγ(a) is a function corresponding to a
Gelfand-Tselin diagramm

The direct generalization of this theorem to the case n > 3 is
not true.
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The A-GKZ System

Let AX , where X ⊂ {1, . . . ,n}, be independent variables that
are antisymmetric in X . Define the action:

Ep,q · Ai1,...,ik = Ai1,...,ik |q 7→p

The vector

Am1−m2
1 Am2−m3

1,2 . . .Amn−1
1,2,...,n−1

is a highest weight vector with weight [m1, . . . ,mn−1,0]. Which
polynomials constitute V [m1,...,mn−1,0] ⊂ C[A]?
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The determinants aX satisfy the Plucker relations. Let I ⊂ C[A]
be the ideal generated by these relations.

Make the substitution

AX 7→
d

dAX
,

to obtain an ideal Ī ⊂ Diffconst which corresponds to a system of
PDEs.

Definition
The resulting system of PDEs is called the A-GKZ’ system.
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The A-GKZ’ Model

Theorem
The space of polynomial solutions to the A-GKZ’ system is a
model for the representations. The representation with highest
weight [m1, . . . ,mn−1,0] is the space of polynomials such that
the sum of the degrees of the AX with |X | = i equals mi −mi+1.
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The A-GKZ System

Introduce the differential operators:

Oα =
∂2

∂Ai,X∂Aj,y ,X
− ∂2

∂Aj,X∂Ai,y ,X
,

Ōα = Oα +
∂2

∂Ay ,X∂Ai,j,X

Definition

The system generated by equations ŌαF = 0 is called the
A-GKZ system.

Theorem
The spaces of polynomial solutions to the A-GKZ and A-GKZ’
systems coincide.
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Polynomial Solutions of the A-GKZ System

Chose a base among vectors vα generating the lattice B.
For α = 1, . . . , k and the generating vector

vα := ei,X − ej,X − ei,y ,X + ej,y ,X

define

rα := ey ,X − ei,j,X − ei,y ,X + ej,y ,X

For s ∈ Zk
≥0, define

Js
δ (z) :=

∑
t∈Zk

zδ+tv (s + 1) . . . (s + k − 1)

(δ + tv)!

Then

Fδ =
∑

s∈Zk
≥0

(−1)s

s!
Js
δ−sr (z).
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Basis of the A-GKZ Model

Theorem
The functions Fδ for vectors δ such that: in the equivalence class
modulo B there exists a vector with all coordinates nonnegative
form a basis in the space of polynomial solutions of the A-GKZ
system.

Define a partial order:

δ ≺ γ ⇔ δ = γ + sr mod B, s ∈ Zk
≥0

If one chooses base in another way ⇒ one gets other functions
F̃δ.

F̃δ =
∑
γ�δ

cγFγ
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Relation with the Gelfand–Tsetlin Basis

Theorem

The pairing 〈F (A),G(A)〉 := F
( d

dA

)
G(A)

∣∣
AX =0 is an invariant

scalar product in the A-GKZ realization.

Theorem
Orthogonalization of the basis Fδ(A) with respect to this order
(in the decreasing direction) yields the Gelfand–Tsetlin basis.
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Connection with the Gelfand–Tsetlin Basis

Theorem

Fδ(A) =
∑

l∈Zk
≥0

Sl
δ ·Gδ−lr (A), Gδ(A) =

∑
l∈Zk
≥0

Sl
δ · Fδ−lr (A),

S0
δ =

1
C0
δ

, Sl
δ = −

C l
δ

C0
δC0

δ−lr
, l 6= 0,

C l
δ =

∑
u∈Zk

≥0,t∈Zk

(−1)l(t + 1) . . . (t + u + l)(t + 1) . . . (t + u)

(δ − (l + u)r + tv)!(u + l)!u!
.
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