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Irreducible representations of gl,

V — a finite dimentional irreducible representation of gl,,.

aly = (Eij)ij=t1,.n=9-®h® gy,
o- = (Eij)i>j, b={(Eii), 9+ ={(Eij)ij

A weight vector is an eigenvector for all E;;: Ej ;v = A\jv. It’s
weight is [A1, ..., An].

Theorem

There exists a unique highest weight vector v € V i.e. a weight
vector annihilated by g.: Vi <j: E;j;v =0.

The weight of a highest weight vector (the highest weight)
[my, ..., mp] has the property

mi— mjq € ZZO-
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Classification of Irreducible Representations

Next, we restrict ourselves to representations with m, = 0.
Then the highest weight has the form

For each set of numbers satisfying (1), there exists a unique
finite-dimensional irreducible representation with that highest
weight.
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Gelfand—Tsetlin base: the case of gls

Let Vim,,m,,0) be a representation of gls.
Restrict gl =< E,‘J >jj=1,23 to gl =< E,"/' > j=1,2:

g[S \l’ 9[2 = V[m1,m2,0] = @ V[k1 ,kg]

Restrict gly to gly =< Eq 4 >:

golali = Vi =P Va.
This corresponds to the Gelfand—Tsetlin diagramm:

my mo 0
Vi =<v>, v= ki ke
hy
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Zhelobenko Model

We consider functions on the group GLp.

(Gf)(9) :==f(9G), g9,Ge GLs, f(9) € Fun(GL))
Examples of functions:

o af € Fun(GL;) — matrix element (/ is the column index, j is
the row index)

o N
e al1,‘..,lk T det(ai')l':h,..‘,ik
Then
Ep7q “8jy,.iv = ikl gesp
In particular, the function
my—mo Mo—My Mp_1
a 82 812 01

is a highest weight vector of weight [my, ..., m,_1,0].
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Zhelobenko Model

Theorem (Zhelobenko)

Polynomials in the determinants @;,  ; form a model for the
representations of gl

The representation with the highest weight [my, ..., m,_1,0]
consists of those polynomials for which the sum of the degrees of
the i-th order determinants equals m; — mj4.

Important remark: there are many relations among the
determinants ax, X C {1,...,n}. For example:

aiaz3 — aaiz+aza2 =0
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What function on GL, corresponds to the Gelfand-Tselin base
vectors?

Theorem (Biedenharn, Baird 1963)

In the case n = 3 to the Gelfand-Tselin diagramm

mH mo 0
ki ko
h;

there corresponds the function

my—Ky JKo S—Mo K1—S mMo—ko
a3 81,8 "a ‘a3

ai1az3

Fa1(s— ki, ko —ma, 8 — mp +1;
aai 3
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-Series

z=1{z,...,2Zy} — a set of variables.
ZN — the lattice of exponents of monomials in the variables z.

v — a fixed vector, L ¢ ZN — a sublattice.

ZX
Fy(2) = Z fx+1)

xey+L
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Let Foq(a1,a2,b1;2) =) pez>0 Mz” where

(b
(a)n = r(ra(+)n ) be the Gauss hypergeometric series.

Then if Y= (—81,—32,b1 — 1,0), and
B=7Z(—1,-1,1,1)) = Z(v), we have

ai_—a —1 2324
Fiz1,20,23,24) = €2, %2, %2 " Foy | ar, @, by 20
—_— 2122

vl
zV

1

T T a1 —a)r(by)
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The GKZ System

1. Let a= (ay,...,an) be a vector orthogonal to the lattice B.
Then

0 0
azy=—F, 4 +anzy=——7F, = (a -+ anyn) F
11621 v+ + NNaZN vy (171"’ + N7N) 2k
and it suffices to consider only the basis vectors of the lattice
orthogonal to B.

2. Let b € B and write b = by — b_. Isolate the nonzero

elements in these vectors: by = (..., b;,...,b;,...),
b_=(...,b,...,bj,...). Then

ovr, = (2N (22" (2" x
v 82,'1 3Zik (9Zj1 8Zj/ v
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For example, in the case v = (1,72, 73,74),
B=7Z{-1,-1,1,1)), we have

>'F”/:(’71 +73)]:7

0 0
Z1(9Z1+Z4824> ffy:(’)ﬂ +’}’4).ny

(

(

( J 84) Fy = (2 +74)Fy
(

0? 0?
821 822 B 323824) }—7 =0
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The Gelfand—Tsetlin Lattice: Motivation

Suppose a function

F = Zcxa?((
X

corresponds to a Gelfand—Tsetlin pattern. What can its
exponents be?
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Case n = 3: a naive approach

4 r3 M2 M3 23 m m2 0
ajayaya;ya; ya,y; V.S kq ko

glz-maximization: ai, @, as — ay, a4 2,813, 83— a2 =

n+rn+tr+hnz+ni3t+rRz=m,
No+nzt+rhz=m

glo-maximization: ai,a — ay, az+— 0, ay 3,23 — a3,
12— 12 =

n+rn+nz+nsths=Kk,
ro=k

gly-maximization: @ + ay, @&12 > a2, other — 0 =

n+nz+nz=h
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ajazag a12a13323 v.s. ki ko

A naive answer:

(I’~| +hn+rn+ra+rnztrg=m,
NMa+rsz+rnsg=mnm,
n+nr+nz+ns+rs=KkK,
ro = kKo,
r+ra+rs=h

This defines a shifted lattice v+ B, B=7Z(ej — e —e13+623)
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The Gelfand—Tsetlin Lattice: Definition

Definition

The Gelfand—Tsetlin lattice is the sublattice of Z2"~2 defined by
the system of equations of the form:

veBs > ry =0

X: X has p elements <q

Proposition

The lattice B is generated by the vectors

Vo i=6ix—6x—Ciyx+6yx, i<j<y
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Gelfand—Tsetlin Diagramms vs. Shift Vectors

With a Gelfand-Tsetlin diagramm (m;j)j—1, . n i<j one can
associate a shifted lattice 1 = v 4+ B, where

veNe > rx = Mpg
X: X has p elements <q

Shift vectors v mod B <+ Gelfand—Tsetlin diagramms

Il contains a vector with all nonnegative coordinates < the
betweness conditions hold for m; ;.
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Theorem (Biedenharn, Baird 1963)

In the case n = 3 one has F,(a) is a function corresponding to a
Gelfand-Tselin diagramm

The direct generalization of this theorem to the case n > 3 is
not true.



The A-GKZ System

Let Ax, where X C {1,...,n}, be independent variables that
are antisymmetric in X. Define the action:

Epq - A = Air,iclaso
The vector
my—mo AM>—M3 MmMp_4
A Al 7 A
is a highest weight vector with weight [my,..., mp_4,0]. Which

polynomials constitute VIM-Mn-1.01 « C[A]?



The determinants ay satisfy the Plucker relations. Let | C C[A]
be the ideal generated by these relations.

Make the substitution

a

dAx’

to obtain an ideal | C Diffeong which corresponds to a system of
PDEs.

The resulting system of PDEs is called the A-GKZ’ system.

AXi—>




The A-GKZ’ Model

The space of polynomial solutions to the A-GKZ’ system is a
model for the representations. The representation with highest
weight [my,...,my_1,0] is the space of polynomials such that
the sum of the degrees of the Ax with |X| =i equals m; — m; 1.




The A-GKZ System

Introduce the differential operators:

92 52
O(X - - )
0Ai x0Ajy x  O0A; x0A;y x
_ 2
Oa =00+ w55 —
aAy,XaAhLX

Definition

The system generated by equations OnF = 0 is called the
A-GKZ system.

Theorem

The spaces of polynomial solutions to the A-GKZ and A-GKZ’
systems coincide.

| \

A




Polynomial Solutions of the A-GKZ System

Chose a base among vectors V,, generating the lattice B.
For a = 1,..., Kk and the generating vector

Vo '= €ix — €ix — €iyx t+ Eyx
define

fo =€y x —€ijx — CiyxtEyx
For s € Z’;O, define

. V(5 41)...(s+ k-1
CCEDIE (S+(<s)+z‘v()S!Jr )

tezk
Then

F6 = Z (_31!)SJ§—sr(z)‘

sezk



Basis of the A-GKZ Model

The functions Fs for vectors d such that: in the equivalence class
modulo B there exists a vector with all coordinates nonnegative
form a basis in the space of polynomial solutions of the A-GKZ

system.

Define a partial order:
§<yed=v+sr modB, seZk,

If one chooses base in another way = one gets other functions

Fs.

I:_(; = Z C’YF’Y

¥=6



Relation with the Gelfand—Tsetlin Basis

Theorem

The pairing (F(A), G(A)) := F (d%\) G(A)|AX:0 is an invariant
scalar product in the A-GKZ realization.

Theorem

| \

Orthogonalization of the basis F5(A) with respect to this order
(in the decreasing direction) yields the Gelfand-Tsetlin basis.

N




Connection with the Gelfand—Tsetlin Basis

Theorem

Z Sa Gs-ir(A), Gs(A Z Sa Fs—ir(A
/eZ’;o /eZ’;o
1 Cl
Sg = A0’ S(IS == 2 ) l# 07
cs cece,

3 (=D)(t+1)...(t+u+NDt+1)...(t+u)
Cs = Z (6 — (I +u)r+ tv)l(u+Hu! ’

uezk  tezk




@ D. V. Artamonov, “A functional realization of the
Gelfand—Tsetlin base”, Iss. PAH. Cep. marem., 87:6 (2023),
3-34

@ /1. B. Apramonos, “Mojen npeacTaBaeHuii JIIst
KJtaccnaeckux cepuit ayredp JIu”, ss. PAH. Cep. marem.,
88:5 (2024), 346

@ JI. B. Apramonos, “Bazuc tuna lenbdanga—Ilernuna ast
asrebpel go 7, Asrebpa n anamnus, 37:1 (2025), 1-31

@ JI. B. Apramonos, “©opMyJibl BLIYUCIEHUSA 3j-CUMBOJIOB
JIst IpejicTaByieHuil aaredpsl JIu gly B 6asuce lenpdana
— Iermuna’, Cub. marem. XKypH., 63:4 (2022), 717-735

@ /1. B. Apramonos, “Buruncienue 6j-cuMBOJIOB JIjist aJirebpbI
JIu gl, 7, Cub. marem. xxypH., 66:4 (2025), 551-569



	Irreducible representations of gln
	The Zhelobenko's model of representations
	A-Hypergeometric Functions and the GKZ System
	A-GKZ system
	Relation with the Gelfand–Tsetlin Basis

