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Hamiltonian and Lagrangian Structures in 2D and in 3D

Cases

In 2D case one of important properties is an existence of Hamiltonian
structures.
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Cases

In 2D case one of important properties is an existence of Hamiltonian
structures.

ui—A’J uJ" H= / U, Uy, Usy, ...)dX.

While in 3D case an existence of local Lagrangian structures is a very
exceptional phenomenon, i.e.
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Hamiltonian and Lagrangian Structures in 2D and in 3D

Cases

In 2D case one of important properties is an existence of Hamiltonian

structures.
up = A’J uJ" H= / U, Uy, Usy, ...)dX.

While in 3D case an existence of local Lagrangian structures is a very
exceptional phenomenon, i.e.

S= / L(u, ux, uy, Uy, Usy, Uxy, Usz, Uyy, Uyz, Uzz, ...)dxdydz.
Recently we restricted our consideration to the particular case

S = / L(uyx, Uy, Uxz, Uy, Uyz, Uy, )dxdydz.

29 April 2026 2/28

Maxim Pavlov (Shandong University of Scier



Lagrangian Structures in 3D Case

In this case
S = / Ly, Uy, Uxz, Uy, Uyz, Uy, )dxdydz

we obtained a wide class of interesting new integrable systems.
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Lagrangian Structures in 3D Case

In this case
S = / Ly, Uy, Uxz, Uy, Uyz, Uy, )dxdydz

we obtained a wide class of interesting new integrable systems.
However, some of them belong to a dispersionless limit of the extended
Darboux-KP hierarchy. Corresponding Lagrangian density
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determines Euler-Lagrange equations of a 6th order.
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Lagrangian Structures in 3D Case

In this case
S = / Ly, Uy, Uxz, Uy, Uyz, Uy, )dxdydz

we obtained a wide class of interesting new integrable systems.
However, some of them belong to a dispersionless limit of the extended
Darboux-KP hierarchy. Corresponding Lagrangian density

L(Uxx WUxy  Uxz, Uy Uyz,Uzz,Uxxx  Uxxy »Uxxz , Uxyy , nyz;szz:UyyyyuyyZyUyZZyUzzz)

determines Euler-Lagrange equations of a 6th order.
In this talk we concentrate to the particular case

S = /L(uxy, Uyz, Uy, ) dxdydz

and its integrable dispersive deformations.
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3D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 3D systems is not so developed as well as in 2D
case.

Maxim Pavlov (Shandong University of Scier 29 April 2026 4 /28



3D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 3D systems is not so developed as well as in 2D

case.

Indeed, let us consider Lagrangians

S= / L(uyx, Uy, Uxz, Uy, Uyz, Uy, )dxdydz.

Maxim Pavlov (Shandong University of Scier

29 April 2026

4/

28



3D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 3D systems is not so developed as well as in 2D
case.

Indeed, let us consider Lagrangians

S= / L(uyx, Uy, Uxz, Uy, Uyz, Uy, )dxdydz.

How many local conservation laws corresponding Euler—Lagrange equation
can possess’?

Maxim Pavlov (Shandong University of Scier

29 April 2026 4 /28



3D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 3D systems is not so developed as well as in 2D
case.

Indeed, let us consider Lagrangians

S= / L(uyx, Uy, Uxz, Uy, Uyz, Uy, )dxdydz.

How many local conservation laws corresponding Euler—Lagrange equation
can possess’?

Example:
aZA(uXX1 Uxy, Uxz, Uyy, Uyz, Uzz)
+ayB(uXXr Uxy, Uxz, Uyy, Uyz, Uzz)

+aXC(uXX1 Uxy, Uxz, Uyy, Uyz, Uzz) =0.

Maxim Pavlov (Shandong University of Scier

29 April 2026 4 /28



3D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 3D systems is not so developed as well as in 2D
case.

Indeed, let us consider Lagrangians

S= / L(uyx, Uy, Uxz, Uy, Uyz, Uy, )dxdydz.

How many local conservation laws corresponding Euler—Lagrange equation
can possess’?

Example:
aZA(uXX1 Uxy, Uxz, Uyy, Uyz, Uzz)
+ayB(uXXr Uxy, Uxz, Uyy, Uyz, Uzz)
+aXC(uXX1 Uxy, Uxz, Uyy, Uyz, Uzz) =0.

Emmy Noether Theorem.
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4D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 4D systems is not so developed as well as in 2D
case.
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case.
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case.
Indeed, let us consider Lagrangians
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4D Integrable Systems and 3D Local Conservation Laws

The theory of integrable 4D systems is not so developed as well as in 2D
case.
Indeed, let us consider Lagrangians

S= / L(UXXv Uxy, Uxz, Uxt, Uyy, Uyz, Uyt, Uzz, Uzt, Utt)dXddedt-

How many local conservation laws corresponding Euler—Lagrange equation
can possess’
We know just two integrable cases:

S = /(uxt + Uy, + Uy, — u)%y)2dxdydzdt;

5= / (F In F) dxdydzd,

where
F = uquy — uxyug.
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Lamé coefficients and Rotation Coefficients

Given a diagonal metric written in terms of the Lamé coefficients H;,
n .
Y H (dx')?,
i=1

let us introduce the rotation coefficients §,; via

diHi = ByiHr,

where 9y denotes partial derivative with respect to x¥. The requirement
that the metric has ‘diagonal curvature’ (that is, all curvature components

R/ikj = 0 for i # j # k), leads to the Darboux system for the rotation
coefficients B,

aleij = ﬁikﬁkjv

no summation.
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Scalar Darboux Potential

It is well-known that under the so-called symmetric reduction, ﬁij = ,Bj,-,
Darboux system can be written as a collection of compatible third-order
PDEs for a single potential u, one PDE for every triple of distinct indices.
This can be achieved by setting /SU = ,/ujj (here and in what follows,
lower indices of the potential u indicate partial derivatives), leading to

N
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Scalar Darboux Potential

It is well-known that under the so-called symmetric reduction, ﬁij = ,Bj,-,
Darboux system can be written as a collection of compatible third-order
PDEs for a single potential u, one PDE for every triple of distinct indices.
This can be achieved by setting fBij = ,/ujj (here and in what follows,
lower indices of the potential u indicate partial derivatives), leading to

N

It seems to be less well-known, although explicitly mentioned in Darboux
(Chapter Ill, formula (13)), that the full Darboux system can be
represented as a collection of compatible sixth-order PDEs for a single
potential u defined via the relations

uj = .BU.BJ,

This potential was known to Lamé and Darboux, it was observed later that
u is related to the t-function of KP hierarchy via u = —InT.
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Central Scalar Darboux Equation

The sixth-order PDE derived by Darboux is Lagrangian, thus, Darboux
system can be written as a collection of compatible sixth-order Lagrangian
PDEs for u, one PDE for every triple of distinct indices:

9:9; <“”2k+L> 19,0 (“g”L) 19,0 (“g”L) 9,95 In(ugi — L)=0,

uj; Ui Ujk

where L = — 4 ujujujc. This equation is represented in

Uk
Euler-Lagrange form corresponding to a third-order Lagrangian,
[ F dx"dx/dx*, with the Lagrangian density

F=L+ Ujjk In(u,-jk — L).
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Central Scalar Darboux Equation

The sixth-order PDE derived by Darboux is Lagrangian, thus, Darboux
system can be written as a collection of compatible sixth-order Lagrangian
PDEs for u, one PDE for every triple of distinct indices:

9:9; <“”2k+L> 19,0 (“g”L) 19,0 (“g”L) 9,95 In(ugi — L)=0,

uj; Ui Ujk

where L = \/ ik — 4 ujujujc. This equation is represented in
Euler-Lagrange form corresponding to a third-order Lagrangian,
[ F dx"dx/dx*, with the Lagrangian density
F=L+ Ujjk In(u,-jk — L).
We point out that modulo total derivatives, the Lagrangian can be written

in several equivalent forms, for instance

1 u;-k—L
F=L+ ZujIn -~ :
+2UUk nu,-jk+L
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Central Scalar Darboux Equation. Derivation

Since
uj = 5;,'517'

one can derive the following consequences:
Ujjk = :Bij:Bjkﬁki + :Bik:Bkj:Bji'
Then we obtain two equations

m+n = u123, mM-n= UpUi3U3,

where n = B,,B,3B83; and m = B3B3,B,;-
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Central Scalar Darboux Equation. Derivation

Since
uj = 5;,'517'

one can derive the following consequences:

Ujjk = :Bij:Bjkﬁki + :Bik:Bkj:Bji'

Then we obtain two equations

m+n = u123, mM-n= UpUi3U3,

where n = 512/323/331 and m = 513,332/321-
Thus,

ups — L n_U123+L
2 ' 2 '

where L = \/u%23 —4 uipUu13U23.
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Central Scalar Darboux Equation. Derivation

Parametrizing relations
uj = .Bijﬁji

in the form

,312 = 4/ u12 e?, 521 = /12 e ?,
Bz = uze ¥, By = /uze?,
Bz = Vuzel, Pz = /use,

and substituting into the Darboux system

aleij = :Bikﬁkj'

we obtain ) ) L
RO = ——  Dth = —— Iy = ——
3¢ 2u12 2y 2u13 17

2up3

where
o3 — L

i+ =In—mo——
prvEn 2,/upu13un3
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Central Scalar Darboux Equation. Derivation

Applying to

2\/upu13tn3’

the operator d10,03, one obtains a sixth-order PDE for v,

L L L uppz — L
010)—— +0103—— +0d903—— — 010903In —=—=——— =0
Y20, o 321113, o2 32U23 172%3 n2\/U12U13U23
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Central Scalar Darboux Equation. Derivation

Applying to
2\/urpu13iin3’

the operator d10,03, one obtains a sixth-order PDE for v,

L L L —L
0100 —— + 01d3—— + dpd3—— — 010203 In s TR =0
2u1o 2u13 2up3

2\/u12t13U23
Remarkably, this equation is in Euler-Lagrange form. To reconstruct the

corresponding Lagrangian, note that for a Lagrangian density of the form
F = F(u12, u13, ups, u123), the corresponding Euler-Lagrange equation is

oF oF oF oF
0102 + 0103 + 0203 — 010203 =0
a uio au a U3 dui3

The comparison gives the expressions for all first-order derivatives of F
which, on integration, leads to the Lagrangian density

o3 — L

F=L4upln—22"2
2,/upu13un3
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Differential-difference case (one discrete variable)

Here the starting point is a differential-difference linear system

d1Hy = B,H, 01Hs = Bi3Hh,
doHy = By Ha,  02H3 = By Ho,
A3Hy = By H3,  AgHy = Bs,Hs,

where A3 = T3 — 1 is the discrete x3-derivative and T3 denotes unit shift
in the discrete variable x3. The compatibility conditions lead to the
differential-difference Darboux system,

01By3 = Po1P1s. 91P3p = P31 T3P1a.
02B13 = B1oBas.  92P31 = B3 T3Por
A3.312 = B3B3 A3ﬁ21 = Bo3Ba-
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Differential-difference case (one discrete variable)

Let us introduce a potential u via the relations

U2 = BroBor,  Datn = Pi3fay Dstn = PPy,

which are compatible modulo the Darboux system.
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Differential-difference case (one discrete variable)

Let us introduce a potential u via the relations

U2 = BroBor,  Datn = Pi3fay Dstn = PPy,

which are compatible modulo the Darboux system.

Introducing the notation m = B,,B,385; and n = B,3B3,B,;, one has
A3U12 =m+n-+ A3U1A3U2 and mn = U12A3U1A3UQ.
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Differential-difference case (one discrete variable)

Let us introduce a potential u via the relations

U2 = BroBor,  Datn = Pi3fay Dstn = PPy,

which are compatible modulo the Darboux system.

Introducing the notation m = B,,B,385; and n = B,3B3,B,;, one has
A3U12 =m+n-+ A3U1A3U2 and mn = U12A3U1A3UQ.

Solving for m and n one obtains

m Azury — Az Azup — L h Azury — AzuAzup + L
N 2 o 2 '

where L = \/(A3U12 - A3U1A3U2)2 —4 U12A3U1A3U2.
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Differential-difference case (one discrete variable)

Parametrizing rotation coefficients in the form

P1o =uze?, By =Junne?,
Pz =vVDsue ¥ By =yAsume,
Bz = VAsw e, Py =/ Dswpe,

we obtain
m

+1v+n=1In .
Py VuAzu Azup
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Differential-difference case (one discrete variable)

Parametrizing rotation coefficients in the form

P1o =uze?, By =Junne?,
Pz =vVDsue ¥ By =yAsume,
Bz = VAsw e, Py =/ Dswpe,

we obtain
m

+1v+n=1In .
Py VuAzu Azup

Under the same parametrization, the Darboux system takes the form

1 A3U12 m
N3p==In(l+ ——"=)—In(1+ —
39 =5 In(1+="=) —In(1+ ),
L 1 L 1
dp = — . oy = —
2y 2f3u1+2 3U 17 YT 3l
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Differential-difference case (one discrete variable)

Applying the operator d10,/\3 to
m

+1v+1n=In .
A VuaAzu Azup

one obtains a differential-difference equation in terms of u:

1 A3U12 m

L 1 L 1
A0 + 2A3ug> + 023 <2A3U2 - 2A3U1)

m
—010>2 A3 | | =0.
17 (n \/U12A3U1A3U2>

+0143 <
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Differential-difference case (one discrete variable)

To reconstruct the corresponding Lagrangian, note that for a Lagrangian

density of the form F = F(u12, Asur, Asup, Asurp), the corresponding
Euler-Lagrange equation is

oF oF oF
0107 | =— | + A ()—I—aA ()
192 <8u12) 143 d(Aszur) 23 A(Asup)

9F IF
—919,3 (a(AMz) - am) = 0.

Comparison gives the expressions for all first-order derivatives of F which,
on integration, leads to the Lagrangian density

1 1
F = EL_ uin In (1 + m) - A3U12 In (1 + %) + §A3U12.

uio m
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Differential-difference case (two discrete variables)

Here the starting point is a differential-difference linear system

d1Hy = B,H, 01Hs = Bi3Hh,
AoHy = By Ha,  DaHz = BysHo,
A3Hy = By H3,  AgHy = Bs,Hs,

where Ay and A3 denote discrete derivatives in the variables x? and x3,

respectively. The compatibility conditions lead to the differential-difference
Darboux system,

alﬁza = .321 T2:313' alﬁzz = .331 T3ﬁ12,
A2/313 = :312ﬁ23' A2,53.1 = /332 T3521,
A3512 = ﬁ13532' A3[321 = 523 7_2531-
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Differential-difference case (two discrete variables)

Let us introduce a potential u via the relations

Doy = PioPyy Dsun = Prafay, Lolgu= —In(1—Bysps,),

which are compatible modulo the Darboux system. Introducing the
notation m = B,,B,3B3; and n = B,385,P,;, one has

NoNzuy = (m+n4 Doup + Nz )eP2838 — Ny — Azuy,
mn = A2U1A3U1(1 — e—A2A3u)-

Solving for m and n one obtains

m_b—\/b2—4c b+ +vVb% —4c

2 n= 2 !
where
b= (AaAsuy + Dour + Nz )e™ 22838 — Npuy — Nsuy,
c= A2U1A3U1(1 — efAQA"'u).
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Differential-difference case (two discrete variables)

Parametrizing rotation coefficients in the form

Bio = VDOoume?, By =+ Dome?,
Bz = VDsume ¥, By =VDsue¥,
[523:\/1_e—wen, Bss = /1= e D2l g,
and substituting into the expressions for m, we obtain

m

\/A2U1A3U1(1 — 67A2A3u) .

p+p+n=In

Under the same parametrization, the Darboux system takes the form

\/A2U1\/A2A3U1+A2U1 \/A3U1\/A2A3U1+A3U1
A3(p m+ Do AQAQ,U, AQlI) m+ a0
JAVYAN YAVYTIWAN
di11 = _% eajaﬁu,ll e AYYT
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Differential-difference case (two discrete variables)

Applying the operator d; Ay /A3 to

m

\/A2U1A3U1(1 — e—A2A3u) ’

e+y¢Y+n=In

one obtains a differential-difference equation in terms of wu,

01\, (In \/Aﬂ’l\;&fizi + Doy A2A3u>
+0143 (In VAW“ﬁfizZi + A3u1>
+A/\3 <_;eﬁ2&i3ill Nouy Az +A2u1)
et (In \/A2u1A3u1,:1 _ eAQAgu)) =0
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Differential-difference case (two discrete variables)

To reconstruct the corresponding Lagrangian, note that for a Lagrangian

density F = F(Qquy, Asuy, NpAsu, NyAsuy), the corresponding
Euler-Lagrange equation is

91\, (%) —|—81A3 ( 30 )) SETAVYAR! (m)

oF JoF _
—01 003 ( (A2A3U1) T (low)  (Bswm) ) T 0.
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Differential-difference case (two discrete variables)

To reconstruct the corresponding Lagrangian, note that for a Lagrangian

density F = F(Qquy, Asuy, NpAsu, NyAsuy), the corresponding
Euler-Lagrange equation is

91\, (%) —|—81A3 ( 30 )) SETAVYAR! (m)
PNV ( oF oF

(A2A3U1) a(A2ul) - B(A3U1) = 0
The Lagrangian density is

m m
F=AMAuIn(1 Asupln (1
2U1 n( +A2ul> + Az n( +A3u1)

1
+§(A2U1 + A3u1)A2A3u + ArAzn In(A2A3u1 — m).

Maxim Pavlov (Shandong University of Scier
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We begin with a discrete linear system
AiHj = B;Hi,
whose compatibility conditions lead to the discrete Darboux system,
Ai,Bjk = jiTJ':Bik'

i #j# k. Here /\; = T; — 1 is the discrete x'-derivative and T; denotes
unit shift in discrete variable x'. One also has the relations

iPik T b,
=

that follow from the Darboux system. In the discrete case, potential u is
defined via the relations

AjAgu=—1In(1—Bypy;)

which are compatible modulo the Darboux system.
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Introducing the notation m = B,,B,385; and n = B;3B3,B,;, one has
mn = (1 _ e—A1A2u)(1 _ e—A1A3U)(1 _ e—A2A3u)’

A1A2A3U = —A1A2U — A1A3u — A2A3U
_ |n(67A1A2u + efﬁlﬁgu + 67A2A3u —m—-—n— 2)

Solving for m and n one obtains

m_b—\/b2—4c b+ Vb?>—4c

2 n= 2 !
where

b= e—A1A2u + e—A1A3u + e—A2A3u S, e—AlA2A3U—A1AQU—A1A3U—A2A3U

c= (1 o e_AIAQU)(]. - e—A1A3u)(1 - e—A2A3u).
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Parametrizing rotation coefficients in the form

Bip=V1—e bibae? B, =+1—e Slae?,
‘813 — \/]_—e*AIAa‘U e_l/’, ‘331 — me#’,
Byy = V1—eDabaugl B, =+1—e Dabaue,

and substituting into the expression for m, we we obtain

+4¢Y+y=1In =
p+y+y J

(l_e—A1A2u)(l_e—A1A3u)(1_e—A2A3u) ’

Under the same parametrization, the Darboux system gives

m L —AA
A3¢:—In<1+l_eAlA2u)—2ln(1—e 1 2u)

1
o In(L - emtrbataumiabany  py pgy,
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m 1 —AA
Azwz—ln(1+1_em’)—2ln(l—e 1 3”)

1
—|—§ In(l — e_AlAQAW_AlAW) — N1 N\ou,

m L NN
Ay =—In (1+1_e—A2A3u>‘2'"(1_e )

1
—}—5 In(1— e_A1A2A3”_A2A3”) — A1 Asu.
Applying the operator A1 /Ay /A\3 to
m
(1 _ e*A1A2U)(1 —_ 67A1A3u)(1 _ efﬂgﬂ:@u)'

+4Y+n=1In
p+p+y J

one obtains a difference equation in terms of w.
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To reconstruct the corresponding Lagrangian, note that for a Lagrangian
density F = F(Alﬂzu, A1A3u, A2A3u, A1A2A3u), the
corresponding Euler-Lagrange equation is

D1l (m) +8ads () + 0203 ()
AN VAV YA ( - o o 5

(A1A2A3u) (A1 lou) (D lsu) (D Azu) =0.
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To reconstruct the corresponding Lagrangian, note that for a Lagrangian
density F = F(Alﬂzu, A1A3u, A2A3u, A1A2A3u), the
corresponding Euler-Lagrange equation is

A1l (m) 0985 (el ) + 220 (s

d J o) _
_A1A2A3 ( (A1A2A3u) - B(Alzgu) - B(Alzjgu) - a(A223u) - 0

Comparison gives the expressions for all first-order derivatives of F which,
on integration, leads to the Lagrangian density

—AN1N\ou — A1 N\3u R AVYARY] (1+ )
. (€ . e . e . m
F=te (1+m> e (1+m> e <1+m) e (M)

1
1 A PAV YT W I AN PAS YR W I EAVYACYTR NI
Lip (e 41828) — Ly (& &15w) — Ly (e 22800) — L, (1+m)
—|—(A1A2u—|—AlAgu—i—AgAgu—l—ln(l—i—m))ln(1+m)
+%(A1A2UA1A3U+A1AQUA2A3U+A1A3UA2A3U).
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Conclusion. Extended Darboux-KP Hierarchy

We expect that all 3D equations belonging to this hierarchy can be

expressed via a sole function u, which depends on infinitely many
independent variables
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Conclusion. Extended Darboux-KP Hierarchy

We expect that all 3D equations belonging to this hierarchy can be

expressed via a sole function u, which depends on infinitely many
independent variables
Examples:

1
S = / (uf,y — Uy Uyt + uf(X Uyy + uxxu + 4uxx> dxdydt,

1 3/2
S= (uxy — Upt — Uy Uyt + = 3 XX) dxdydt,

S= u;t2(uxtuyt Usex U )3/2dxdydt
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Bogdanov—Ferapontov 3D Reductions

The theory of conjugate curvilinear coordinate nets is based on
investigation of properties of the Darboux system

By = Pubiy 1FJF k

which is determined by linear systems

IHi = BiiHi, Ok = Bythyr 17 k.
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Bogdanov—Ferapontov 3D Reductions

The theory of conjugate curvilinear coordinate nets is based on
investigation of properties of the Darboux system

By = BBy 177 ki
which is determined by linear systems
IHi = Byt o = By 17 k.

The BF approach describes infinitely many 3D reductions of the Darboux
system, selected by differential constraints (¢; are constants)

H; = c,-aﬁb,. =+ ...
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If n =0, this is the so-called symmetric (Egorov) case;
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Bogdanov—Ferapontov 3D Reductions

The theory of conjugate curvilinear coordinate nets is based on
investigation of properties of the Darboux system

By = BBy 177 ki
which is determined by linear systems
IHi = Byt o = By 17 k.

The BF approach describes infinitely many 3D reductions of the Darboux
system, selected by differential constraints (¢; are constants)

H; = c,-a,f’gb,. =+ ...

If n =0, this is the so-called symmetric (Egorov) case;
if n =1, this is nothing but orthogonal curvilinear coordinate nets.
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