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Compatible Lie brackets.
Two Lie brackets [·, ·] and [·, ·]1 defined on the same finite

dimensional vector space V are said to be compatible if

[·, ·]λ = [·, ·] + λ[·, ·]1 (1)

is a Lie bracket for any constant λ.

Suppose that the Lie algebra with the bracket [·, ·] is a
semi-simple Lie algebra G. Then there exists a formal series of
the form

Aλ = 1 +R λ+O(λ2),

where the coefficient R is a constant linear operator on G, such
that

A−1λ [Aλ(X), Aλ(Y )] = [X, Y ] + λ [X, Y ]1

is valid. It follows from this identity that

[X, Y ]1 = [R(X), Y ] + [X, R(Y )]−R([X, Y ]). (2)



Lemma 1.
i) The operation [·, ·]1 is a Lie bracket iff there exists a linear

operator S : G → G such that

R
(
[R(X), Y ]− [R(Y ), X]

)
− [R(X), R(Y )]−R2([X, Y ]) =

[S(X), Y ]− [S(Y ), X]− S([X, Y ]).

ii) If this relation is satisfied, then the bracket [·, ·]1 is
compatible with [·, ·].

In the special case S = 0, the relation from Lemma 1 takes
the form

R
(
[R(X), Y ]−[R(Y ), X]

)
−[R(X), R(Y )]−R2([X, Y ]) = 0. (3)



Proposition. Suppose that R : G 7→ G is a diagonalizable
operator. Let λ1, ..., λk be the spectrum of R, and let Gi be the
corresponding eigenspaces. The operator R satisfies (3) if and
only if the subspaces Gi, as well as Gi ⊕ Gj with distinct
i, j = 1, ..., k, are Lie subalgebras of Gi .

Proposition permits one to construct a k-parameter family
of solutions

R =

k∑

i=1

λiΠi,

where Πi is the projection on Gi. The parameters λi can be
chosen arbitrarily.



In each specific case, the series Aλ is an operator-valued
meromorphic function of the variable λ, which changes the basis
such that the bracket (1) is reduced to the bracket [·, ·].

This function, if desired, can be regarded as a kind of
Yang-Baxter r-matrix. Like solutions of the Yang-Baxter
equation, Aλ-matrices are usually rational, trigonometric, or
elliptic functions of λ. Examples of elliptic Aλ-matrices were
found in [2].

Example. Suppose G = MatN with the bracket
[X,Y ] = XY − Y X. Define [·, ·]1 by [X,Y ]1 = XcY − Y cX,
where c is a fixed matrix. Then (1) is a Lie bracket for any λ. In
this case Aλ : g 7→ g + λcg.



Motivations.

1. Bi-Hamiltonian formalism. The formula

{xi, xj} = ckijxk, i, j = 1, . . . , N

defines a linear Poisson bracket iff ckij are structural constants of
a Lie algebra G. Any linear deformation of this algebra defines a
pencil of linear Poisson brackets. The Casimir function of the
pencil defines a set of commuting Hamiltonians.

2. Integrable top-like systems. Consider the following
system of ordinary differential equations for three vectors
u, v, w ∈ V:

wt = [w, v] + w ∗ w, vt = [w, u] + w ∗ v, ut = w ∗ u,



where

X ∗ Y def
= [R(X), Y ]− [X, R∗(Y )] +R∗([X,Y ]),

and R∗ denotes the operator adjoint to R with respect to the
Killing form.

If v = w = 0 and [Y, Y [1= XcY − Y cX, then
X ∗ Y = cXY − Y Xc and the equation has the form

wt = [w2, c].

It turns out that the operators

L = (A−1λ )∗(λu+ v + λ−1w), A = λ−1Aλ(w) (4)

form a Lax pair for this system. As usual, the integrals of motion
can be found from the expressions trLk, k = 1, 2 . . . . Each of
them depends on λ, which plays the role of a spectral parameter
in the Lax pair, and therefore defines several first integrals.



3. Integrable hyperbolic systems. Consider a
hyperbolic system of equations

ux = [u, v], vy = [v, u]1, (5)

where u and v belong to the vector space V endowed with a
pair of Lie brackets [·, ·] and [·, ·]1. For the well-known integrable
system of the principle chiral field

ux = [u, v], vy = [v, u]

the brackets [·, ·] and [·, ·]1 coincide with the matrix commutator.
Theorem 1. If the brackets [·, ·] and [·, ·]1 are compatible,

then the system (5) has the Lax pair

L =
d

dy
+

1

λ
Aλ(u), A =

d

dx
+Aλ(v).



4. Factorization of the loop algebra over G. Let g be a
Lie algebra. The Lie algebra g((λ)) of formal series of the form

∞∑

i=−n
giλ

i | gi ∈ g, n ∈ Z

is called the (extended) loop algebra over g.

Consider decompositions

g((λ)) = g[[λ]]⊕ U (6)

of the loop algebra into a direct sum of vector subspaces, the
first of which is the Lie subalgebra g[[λ]] of all Taylor series, and
the second one is a Lie subalgebra. The Lie algebra U is called
factoring, or complementary.

The simplest factoring subalgebra consists of polynomials
in 1

λ with a zero free term:

Ust =
{ n∑

i=1

giλ
−i | gi ∈ g, n ∈ N

}
.



A factoring subalgebra U is called homogeneous if

1

λ
U ⊂ U .

Proposition.
i) Any homogeneous factoring subalgebra U has the form

U =
{ k∑

i=1

λ−iAλ(gi), | gi ∈ G, k ∈ N
}
, (7)

where Aλ is a series of the form

Aλ = 1 +R λ+O(λ2).

ii) The vector space (7) is a factoring Lie subalgebra iff Aλ
satisfies the relation (3) for some Lie bracket [·, ·]1,
compatible with the bracket on G.



5. Solutions of the classical Yang–Baxter equation.

The operator Aλ is related to the Yang-Baxter equation.
The operator form of the classical Yang-Baxter equation is given
by

[r(u,w)x, r(u, v)y] = r(u, v)[r(v, w)x, y]+

r(u,w)[x, r(w, v)y].

Here r(u, v) ∈ End(G). The solution is called unitary if
< x, r(u, v)y >= − < r(v, u)x, y > .

Theorem 2. The operator

r(u, v) =
1

u− v
AuA

−1
v

satisfies the Yang-Baxter equation.
Remark. This solution is unitary with respect to an

invariant form (·, ·) if the operator Au is orthogonal.

Example. If Au = 1 + uR, then

r(u, v) =
1

u− v
+ (v +R)−1.



Compatible associative algebras
Two associative algebras with multiplications ? and ◦

defined on the same finite dimensional vector space V are said
to be compatible if the multiplication

a • b = a ? b+ λ a ◦ b

is associative for any constant λ.
Example 1. Let V be the vector space of polynomials of

degree 6 k − 1 in one variable, µ1 and µ2 be polynomials of
degree k without common roots. Any polynomial Z, where
degZ 6 2k − 1, can be uniquely represented in the form
Z = µ1P + µ2Q, where P,Q ∈ V. Define multiplications ◦ and ?
on V by the formula

X Y = µ1(X ◦ Y ) + µ2(X ? Y ), X, Y ∈ V.

It can be verified that any linear combination of these products
is associative.



Assume that the associative algebra with multiplication ?
coincides with MatN . Since the matrix algebra is rigid, there
exists a linear operator Sλ on Matn such that

Sλ(X)Sλ(Y ) = Sλ

(
XY + λ X ◦ Y

)
. (8)

If
Sλ = 1 +R λ+O(λ2), (9)

then multiplication ◦ is given by

X ◦ Y = R(X)Y +XR(Y )−R(XY ). (10)

where R : Matn →Matn is a linear operator.

Example 2. Let c be an element of V and R : X → cX be
the operator of left multiplication by c . Then the corresponding
multiplication X ◦ Y = X ? c ? Y is associative and compatible
with ?.



Example 3. Suppose a, b ∈Mat2; then the product

X ◦ Y = (aX −Xa) (bY − Y b)

is compatible with the standard product in Mat2 . The
corresponding operator R is given by

R(X) = a (Xb− bX).

In the case of Mat2 any linear deformation of the matrix
product is given by Examples 2,3.

If a, b ∈Matn, n > 2 we need additional assumption
a2 = b2 = 1 .



The corresponding bi-Hamiltonian ODEs belong to the
following class of matrix differential equations

dx

dt
= [x, R(x) +R∗(x)],

where x is n× n matrix, R is a constant linear operator
R : Matn →Matn, and ∗ stands for the adjoint operator with
respect to the bi-linear form trace (xy).

In the case of Example 2 we get

dx

dt
= [x, xc+ cx] = x2 c− c x2.

for n× n-matrix x and any constant matrix c.
Under reduction xT = −x, cT = c the equation is a

commuting flow for the n-dimensional Euler equation.



In the case of Example 3 we have

xt = [x, bxa+ axb+ xba+ bax], (11)

where a2 = b2 = 1.
Equation (11) admits the following skew- symmetric

reduction
xT = −x, b = aT .

Different integrable so(n)-models provided by this reduction are
in one-to-one correspondence with equivalence classes with
respect to the SO(n) gauge action of n× n matrices a such that
a2 = 1.

In the case n = 4 the family (11) contains the Steklov and
the Poincare integrable models on so(4).



Corresponding algebraic structures
Any linear operator R : Matn →Matn can be written as

R(x) = a1 x b
1 + ...+ ap+1 x b

p+1,

where ai, bi ∈Matn, with p being smallest possible. Then

R∗(x) = b1 x a1 + ...+ bp+1 x ap+1.

For Example 2, R(x) = cx. In the case of Example 3
R(x) = axb+ bax.

By the equivalence transformation

R −→ R+ adα + β 1

we reduce R to the form

R(x) = a1 x b
1 + ...+ ap x b

p + c x. (12)



Let us study the structure of associative algebraM
generated by ai, bi, c. Denote by L the vector space generated by
these elements.

Lemma 1. We have

aiaj = ϕki,jak + µi,j1, bibj = ψi,jk b
k + λi,j1

for some tensors ϕki,j , µi,j , ψ
i,j
k , λ

i,j .

This means that the vector spaces spanned by 1, a1, . . . ap
and 1, b1, . . . bp are associative algebras. We denote them by A
and B.

The algebras A and B have to be related by certain
consistency conditions.



Lemma 2. For some tensor tij the following relations hold:

biaj = ψk,ij ak + ϕij,k b
k + tij1 + δij c.

bi c = λk,iak − tik bk − ϕik,lψl,ks bs − ϕik,lλl,k1,

c aj = µj,k b
k − tkj ak − ϕsk,lψ

l,k
j as − µk,lψl,kj 1,

where

ϕsj,kψ
l,i
s = ϕls,kψ

s,i
j + ϕij,sψ

l,s
k + δlkt

i
j − δijtlk − δijϕls,rψ

r,s
k ,

ϕsj,kt
i
s = ψs,ij µs,k + ϕij,st

s
k − δijψ

s,r
k µr,s,

ψk,is tsj = ϕij,sλ
k,s + ψs,ij t

k
s − δijϕks,rλr,s.



Associative bi-algebras

The simplest well-known example of such a structure can
be described as follows. Let A and B be associative algebras
with basis A1, . . . , Ap and B1, . . . , Bp and structural constants
ϕij,k and ψα,βγ : AjAk = ϕij,kAi, BαBβ = ψα,βγ Bγ .

Suppose that the structural constants satisfy the following
identities:

ϕsj,kψ
l,i
s = ϕls,kψ

s,i
j + ϕij,sψ

l,s
k , 1 6 i, j, k, l 6 p.

Then the bi-algebraM of dimension 2p+ p2 with the basis
Ai, B

j , AiB
j and relations

BiAj = ψk,ij Ak + ϕij,kB
k

is associative. Note that AiBj form an associative subalgebra of
dimension p2.



Invariant description. We have a non-degenerate scalar
product (·, ·) on L = A⊕ B such that

(a1, a2) = (b1, b2) = 0

and
(b1b2, v) = (b1, b2v), (v, a1a2) = (va1, a2)

for any a1, a2 ∈ A, b1, b2 ∈ B and v ∈ L. We can choose a dual
bases Ai and Bj such that (Ai, B

j) = δji .



Invariant description

Definition. By weekM-structure on a linear space L we
mean a collection of the following data:

Two subspaces A and B and distinguished element
1 ∈ A ∩ B ⊂ L.
Associative products A×A → A and B × B → B with
unity 1.
Left action B × L → L of the algebra B and right action
L ×A → L of the algebra A on the space L, which
commute to each other.
A non-degenerate symmetric scalar product (·, ·) on the
space L.



These data should satisfy the following properties:

1. dimA ∩ B = dimL/(A+ B) = 1. Intersection of A and
B is a one dimensional space spanned by the unity 1.

2. Restriction of the action B × L → L to subspace B ⊂ L
is the product in B. Restriction of the action L ×A → L to
subspace A ⊂ L is the product in A.

3. (a1, a2) = (b1, b2) = 0 and

(b1b2, v) = (b1, b2v), (v, a1a2) = (va1, a2)

for any a1, a2 ∈ A, b1, b2 ∈ B and v ∈ L.

It follows from these properties that (·, ·) gives a non-
degenerate pairing between A/C1 and B/C1, so dimA = dimB
and dimL = 2 dimA.



For given weekM-structure we can define an algebra U(L)
generated by L.

Let us describe the structure of U(L) explicitly. Let
{1, A1, ..., Ap} be a basis of A and {1, B1, ..., Bp} be a dual
basis of B (which means that (Ai, B

j) = δji ). Let C ∈ L doesn’t
belong to the sum of A and B. Without loss of generality we
may assume that (1, C) = 1, (C,C) = (C,Ai) = (C,Bj) = 0.
Such element C is uniquely determined by choosing basis in A
and B.

Proposition 1. The algebra U(L) is defined by the
following relations

AiAj = ϕki,jAk + µi,j1, BiBj = ψi,jk B
k + λi,j1

BiAj = ψk,ij Ak + ϕij,kB
k + tij1 + δijC,

BiC = λk,iAk + uikB
k + pi1, CAj = µj,kB

k + ukjAk + qi1

for certain tensors ϕki,j , ψ
i,j
k , µi,j , λ

i,j , uik, p
i, qi.



Let us define an element K ∈ U(L) by the formula
K = AiB

i + C.
Definition. WeekM-structure on L is calledM-structure

if K ∈ U(L) is a central element of the algebra U(L).
Proposition 2. For anyM-structure on L we have

pi = −ϕik,lλl,k, qi = −ψk,li µl,k, uji = −tji − ϕ
j
k,lψ

l,k
i .

Theorem 1. Any representation U(L)→Matn given by

A1 → a1, ..., Ap → ap, B
1 → b1, ..., Bp → bp, C → c

defines associative product on Matn compatible with the usual
product.



Example 4. Suppose A and B are generated by elements
A ∈ A and B ∈ B such that Ap+1 = Bp+1 = 1. Assume that
(Bi, A−i) = εi − 1, (1, C) = 1 and other scalar products are
equal to zero. Here ε is a primitive root of unity of order p. Let

BiAj =
ε−j − 1

ε−i−j − 1
Ai+j +

εi − 1

εi+j − 1
Bi+j

for i+ j 6= 0 modulo p and

BiA−i = 1 + (εi − 1)C, CAi =
1

1− εi
Ai +

1

εi − 1
Bi,

BiC =
1

ε−i − 1
Ai +

1

1− ε−i
Bi

for i 6= 0 modulo p. These formulas define anM-structure.



The central element has the following form

K = C +
∑

0<i<p

1

εi − 1
A−iBi.

Let a, t be linear operators in some vector space. Assume
that ap+1 = 1, at = εta and the operator t− 1 is invertible. It is
easy to check that the formulas

A→ a, B → εt− 1

t− 1
a, C → t

t− 1

define a representation of the algebra U(L).



Case of semi-simple algebras A and B
Suppose a vector space L is equipped with a weak

M-structure such that

A = ⊕16i6rEnd(Vi), B = ⊕16j6sEnd(Wj),

dimVi = mi, dimWj = nj .

Lemma. L as a right A-module is isomorphic to
⊕16i6r(V

?
i )2mi .

It is known that L as A⊗ B-module is isomorphic to

⊕16i6r,16j6s(V
?
i ⊗Wj)

ai,j ,

for some ai,j > 0.

Theorem. For any i, j

s∑

j=1

ai,jnj = 2mi,

r∑

i=1

ai,jmi = 2nj . (13)



The matrix of linear system (13) for (n,m) has the form

Q =

(
2 −A
−At 2

)
.

According to the result by E. Vinberg, if the kernel of
indecomposable matrix Q contains an integer positive vector,
them Q is the Cartan matrix of an affine Dynkin diagram.

Moreover, it follows from the structure of Q that this
diagram is a simple laced affine Dynkin diagram with a
partition of the set of vertices into two subsets such that vertices
of the same subset are not connected.

This is a complete list of such diagrams:



1. A = (2). Here r = s = 1, n1 = m1 = m. The

corresponding Dynkin diagram is of the type Ã1.

2. ai,i = ai,i+1 = 1 and ai,j = 0 for other pairs

i, j. Here r = s = k ≥ 2, the indexes are taken

modulo k, and ni = mi = m. The corresponding

Dynkin diagram is Ã2k−1.

euue
W1V2VkWk

"
"

"
"
"

"
"

"
"

"
""

b
b

b
b

b
b

b
b

b
b

bb
u
V1

Ã2k−1

e uV1 W1

Ã1



3. A =



1 1 0 0

1 0 1 0

1 0 0 1


. Here r = 3, s = 4

and

n1 = 3m, n2 = n3 = n4 = m,

m1 = m2 = m3 = 2m.

The Dynkin diagram is Ẽ6 :

eueue
u
e

W4V3W1V1W2

V2

W3 Ẽ6



4. A =



1 1 0 0 0

0 1 1 1 0

0 0 0 1 1


.

Here r = 3, s = 5 and

n1 = m, n2 = 3m, n3 = 2m, n4 = 3m, n5 = m,

m1 = 2m, m2 = 4m, m3 = 2m.

The Dynkin diagram is Ẽ7 :

eueuu ee
e

W5V3W4V2W2V1W1

W3 Ẽ7



5. A =




1 0 0 0 0

1 1 1 0 0

0 0 1 1 0

0 0 0 1 1



. Here r = 4, s = 5,

n1 = 4m, n2 = 3m, n3 = 5m, n4 = 3m,

n5 = m,

m1 = 2m, m2 = 6m, m3 = 4m, m4 = 2m.

The Dynkin diagram is Ẽ8 :

eueuu ee
e

u W5V4W4V3W3V2W1

W2

V1

Ẽ8



6. A = (1,1,1,1). Here r = 1, s = 4 and

n1 = n2 = n3 = n4 = m, m1 = 2m.

The corresponding Dynkin diagram is D̃4.

7. Here we have r = k−1, s = k+2 and n1 = n2 =

nk+1 = nk+2 = m, n3 = · · · = nk = 2m, m1 =

· · · = ml = 2m. The corresponding Dynkin diagram

is D̃2k, where k ≥ 3.

ueeu Vk−1
WkW3

V1
�
�

��

@
@

@@
e

e

W1

W2

@
@
@@

�
�
��

e

e

Wk+2

Wk+1D̃2k



8. a1,1 = a1,2 = a1,3 = 1, a2,3 = a2,4 = a3,4 =

a3,5 = · · · = ak−2,k−1 = ak−2,k = 1, ak−1,k =

ak,k = 1, and ai,j = 0 for other (i, j).

Here we have r = s = k ≥ 3, n1 = n2 = m, n3 =

· · · = nk = 2m, m1 = · · · = mk−2 = 2m, mk−1 =

mk = m. The corresponding Dynkin diagram is

D̃2k−1 :

eueu Wk
Vk−2W3

V1
�

�
��

@
@

@@
e

e

W1

W2

@
@
@@

�
�
��

u

u

Vk

Vk−1D̃2k−1

Note that if k = 3, then a1,1 = a1,2 = a1,3 = 1,

a2,3 = a3,3 = 1.



Summary.
Let L be aM structure with semisimple algebras A and B.

Then there is an affine Dynkin diagram of type A, D, or E such
that:

1. There is a one-to-one correspondence between the set of
vertices and the set of vector spaces {V1, ..., Vr, W1, ...,Ws}.

2. For any i, j the spaces Vi, Vj , as well as the spaces Wi, Wj ,
are not connected by edges.

3. The vector

(dimV1, ...,dimVr, dimW1, ...,dimWs)

equals J , where J is the minimal imaginary positive root of the
Dynkin diagram.



Associative bi-algebras

The simplest example of such a structure can be described
as follows. Let A and B be associative algebras with basis
A1, . . . , Ap and B1, . . . , Bp and structural constants ϕij,k and
ψα,βγ . Suppose that the structural constants satisfy the following
identities:

ϕsj,kψ
l,i
s = ϕls,kψ

s,i
j + ϕij,sψ

l,s
k , 1 6 i, j, k, l 6 p.

Then the associative bi-algebraM of dimension 2p+ p2 with
the basis Ai, Bj , AiB

j and relations

BiAj = ψk,ij Ak + ϕij,kB
k

is associative. Note that A and B act onM from the right and
from the left, correspondingly.


